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Abstract. 

In this paper we study stochastic optimal control problems of fully coupled forward-backward 
stochastic differential equations (FBSDEs). The recursive cost functionals are defined by controlled fully 
coupled FBSDEs. We study two cases of diffusion coefficients a of FSDEs. We use a new method to 
prove that the value functions are deterministic, satisfy the dynamic programming principle (DPP), and are 
viscosity solutions to the associated generalized Hamilton-Jacobi-Bellman (HJB) equations. The associated 
generalized HJB equations are related with algebraic equations when a depends on the second component 
of the solution (F, Z) of the BSDE and doesn't depend on the control. For this we adopt Peng's BSDE 
method, and so in particular, the notion of stochastic backward semigroup in |16j . We emphasize that the 
fact that cr also depends on Z makes the stochastic control much more complicate and has as consequence 
that the associated HJB equation is combined with an algebraic equation, which is inspired by Wu and 
Yu [HI . We use the continuation method combined with the fixed point theorem to prove that the algebraic 
equation has a unique solution, and moreover, we also give the representation for this solution. On the other 
hand, we prove some new basic estimates for fully coupled FBSDEs under the monotonic assumptions. In 
particular, we prove under the Lipschitz and linear growth conditions that fully coupled FBSDEs have a 
unique solution on the small time interval, if the Lipschitz constant of a with respect to z is sufficiently 
small. We also establish a generalized comparison theorem for such fully coupled FBSDEs. 
Keywords. Fully coupled FBSDEs; value functions; stochastic backward semigroup; dynamic programming prin- 
ciple; viscosity solution 



'Corresponding author. 



1 



1 Introduction 



Nonlinear backward stochastic differential equations (BSDEs) driven by a Brownian motion were first 
introduced by Pardoux and Peng [11] in 1990. They got the uniqueness and the existence theorem for 
nonlinear BSDEs under Lipschitz condition. The theory of BSDEs has been studied since then by many 
authors and has found various applications, namely in stochastic control (see Peng [13j). finance (see El 
Karoui, Peng and Quenez [B]), and partial differential equations (PDE) theory (see Peng [l3], etc). 

Related with the BSDE theory, the theory of fully coupled forward-backward stochastic differential 
equation (FBSDE) has been developing very dynamically. We will usually meet fully coupled FBSDEs which 
are used to describe state processes and the related cost functionals when some optimization problems are 
studied (see Cvitanic and Ma Ma and Yong 10 ). There are many results on the existence and the 
uniqueness of solutions of fully coupled FBSDEs. Antonelli [T first studied fully coupled FBSDEs driven by 
Brownian motion on a "small" time interval with the fixed point theorem. As we know, there are mainly 
three methods to study fully coupled FBSDEs on an arbitrarily given time interval. The first one is a kind of 
"four-step scheme" approach (see Ma, Protter and Yong [8]) which combines PDE methods and methods of 
probability. With these methods, the authors of ^ proved the existence and the uniqueness for fully coupled 
FBSDEs on an arbitrarily given time interval, but they required the equations to be non-degenerate, i.e., 
the diffusion coefficients are non-degenerate. However, the PDE approach can not be used to deal with 
the case, when the coefficients are random. The second method is that of continuation which is purely 
probabilistic, see Hu and Peng [T, Pardoux and Tang [12], Peng and Wu [17], Yong [21]. They used the 
"monotonicity" condition on the coefficients which relaxes the above assumptions. The third method is 
motivated by the numerical approaches for some linear FBSDEs (see Delarue [S] and Zhang [23.). Using a 
probabilistic method, Wu [18] proved a comparison theorem for FBSDEs. It is a useful tool to study fully 
coupled FBSDEs. Recently, Ma, Wu, Zhang and Zhang [9] used a unified method to study fully coupled 
FBSDEs. For more details on fully coupled FBSDEs, the reader is referred to the book of Ma and Yong [10]; 
more recent works on FBSDEs refer to Yong [52], or Ma, Wu, Zhang and Zhang W, and the references 
therein. 

BSDE methods (for instance, a generalized dynamic programming principle (DPP) or the maximum 
principle for control problem) , originally developed by Peng [13] , [IS] , [16] , for the stochastic control theory. 
Pardoux and Tang [T2] associated fully coupled FBSDEs (without controls) with quasilinear parabolic PDEs, 
and proved the existence of viscosity solutions. The diffusion coefficient a of the forward equation in the 
FBSDE they considered is supposed not to depend on Z. In Wu and Yu [19], [2^, they proved the existence 
of a viscosity solution for quasilinear PDEs with the help of fully coupled FBSDE when a depends on z, 
and the stochastic systems without controls. Inspired by above works we want to study the optimal control 
problems of fully coupled FBSDEs. If one considers controlled fully coupled FBSDEs the problem becomes 
more difficult, as well as when one tries to give a probabilistic representation for systems of generalized 
fully nonlinear Hamilton- Jacobi-Bellman (HJB) equations. Using a method of Buckdahn and Li [2 , without 
assuming the coefficients to be Holder-continuous with respect to the control variable, we prove that the 
value function is deterministic (Proposition 3.1) and it satisfies DPP (Theorem 3.1). Furthermore, we obtain 
the existence of viscosity solutions of the associated HJB equations (Theorem 4.1 and Theorem 4.2). For 
this we adopt Peng's BSDE method (see [TB], or [5]). However, unlike the existing literature, in the present 
work the stochastic backward semigroup is defined through a fully coupled FBSDE. This makes techniques 
which are implied by the work with the stochastic backward semigroup much more subtle. This arises, in 
particular, in the proofs of the Theorems 4.1 and 4.2 showing that the value function is a viscosity solution: 
a "classical" approach would lead to BSDEs with quadratic growth in {y,z). To avoid this, a deeper study 
of properties of fully coupled FBSDEs on short time intervals has to be done. Hence we prove the existence 
and uniqueness for such FBSDEs in the case of a sufficiently small Lipschitz constant of a with respect to 
z (see Proposition 16. 4|) . we give L^-estimates for the solution (see Proposition 16. 5|) and we also establish a 
new general comparison result for such fully coupled FBSDEs (Theorem 16. 2p . We also emphasize that when 
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cr depends on z it makes the stochastic control much more comphcate and the associated HJB equation is 
combined with an algebraic equation, which is inspired by Wu and Yu [TH] . We use the continuation method 
combined with the fixed point theorem to prove that the algebraic equation has a unique solution whose 
representation is given (Proposition 4.1). 

Let us be more precise. We study a stochastic control problem of fully coupled FBSDE. The cost 
functional is introduced by the following fully coupled FBSDE: 

^x\^x,u ^ x*'^;", r^*'^;", zf'^;", us)ds + cr(s, x*'^;", r^*'^;", z*-^;", u,)dBs, 

where T > is an arbitrarily fixed finite time horizon, B = {Bs)g^yQ 'j<\ is a c?-dimensional standard Brownian 
motion, and u — (us)gg[( is an admissible control. Precise assumptions on the coefficients 6, cr, /, are 
given in the next section. Under our assumptions, (|l.ip has a unique solution (X*'^'", y^*'^'", Z*'^'")sg[t 
and the cost functional is defined by 

J{t,x-u) = Yl^^-^\ (1.2) 
We define the value function of our stochastic control problems as follows: 

W{t,x) := esssup„g;^^^ J(i,x;u). (1.3) 

The objective of our paper is to investigate this value function. The main results of the paper state that W 
is, deterministic (Proposition 3.1), continuous viscosity solution of the associated HJB equations (Theorem 
4.1 and Theorem 4.2). The associated HJB equations are very complicated, we consider two cases of cr for 
the existence of a viscosity solution. 

Case 1. a does not depend on z, but depends on u. 

The associated HJB equation is then the following: 

r f^(t,x)+H(t,x,W{t,x),BW{t,x),B^W{t,x))^^, (t, a;) G [0, T) x R", 

\ W(T,x) = $(a;), x E M", ^ ' ' 

with 

H{t,x,y,p,X) = sup{p.6(t, a;, y,p.cr, u) + {aa'^ {t,x,y,u)X) + f{t,x,y,p.(T,u)}, 

ueu 

where < G [0,T], x E M", y eR, p E M", and X G §" (§" denotes the set of n x n symmetric matrices). 
Case 2. cr does not depend on u, but depends on z. 

This case is more complicate than the former one. The associated HJB equation is combined with an 
algebraic equation as follows: 

^^W{t, x) + H{t, X, W{t, x),V{t, x)) = 0, 

V{t,x) ^ BW{t,x).a{t,x,W{t,x),V{t,x)), (i, x) G [0, T) x R", (1.5) 
W{T,x)^^{x), xgM". 

In this case 

H{t, X, W{t, x),V{t, x)) = sup{DW{t, x).b{t, X, W{t, x), V{t, x), u) 

ueu 

+ itr {aa^{t, x, W{t, x), V{t, x))D^W{t, x)) + f{t, x, W{t, x), V{t, x),u)}, 

where t G [0,r],a; G R". 

The Case 2 is more complicate, the associated HJB equation is combined with an algebraic equation, 
which is inspired by Wu and Yu [19] , [20] , we use a new method-the continuation method combined with the 
fixed point theorem in order to prove for the first time that the algebraic equation has a unique solution, and 
give the representation for the solution (see Proposition 4.1) which makes that other proofs are available. But 
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both cases require new estimates and new generalized comparison theorem for small time interval FBSDEs, 
which are discussed in the Appendix. 

Our paper is organized as follows: Section 2 recalls some elements of the theory of fully coupled 
FBSDEs which will be used in what follows. Section 3 introduces the setting of the stochastic control 
problems. We prove that the value function is a deterministic function (Proposition 3.1) which is Lipschitz 
in X (Lemma 3.2), monotonic (Lemma 3.3) and continuous in t (Theorem 3.2). Moreover, it satisfies the DPP 
(Theorem 3.1). In Section 4, by using the DPP we prove that W is a viscosity solution of the associated 
HJB equation in the two cases (Theorem 4.1 and Theorem 4.2) described above. In Section 5, we give 
two examples. In Appendix we prove some basic important estimates for fully coupled FBSDEs under the 
monotonic assumptions, and new estimates and new generalized comparison theorem for small time interval 
FBSDEs. 



2 Preliminaries 

Let (n, P) be the Wiener space, where il is the set of continuous functions from [0, T] to starting 
from (fi = Co([0,T];R'*)), F the completed Borcl cr-algcbra over O, and P the Wiener measure. Let B 
be the canonical process: Bs{uj) = ujg, s G [0,T], w e 17. We denote by F = {J^g, < s < T} the natural 
filtration generated by {-Bf}t>o and augmented by all P-null sets, i.e., 

T,^a{Br,r<s}VAfp, sG[0,T], 

where A/p is the set of all P-nuU subsets and T is a fixed real time horizon. We introduce the following two 
spaces of processes which will be used frequently: for to € [0, T], 

S'^{to,T;M.'^) is the set of IR"-valued F-adapted continuous process {il>t)to<t<T with E[ sup IV'tP] < +oo; 

ta<t<T 

'H'^{to,T;K'^) is the set of R"- valued F-progressively meas. process {4't)to<t<T with E[J^ \'ijjt\'^dt] < +oo. 
Now we introduce the following fully coupled FBSDE associated with (6, a, /, (, $) 

dX, = b{s,Xs,Y„ Z,)ds + a{s,Xs,Y„ Z,)dBs, 

dY, = -f{s,X„Ys,Zs)ds + ZsdB„ s G [t,T], (2.1) 
Xt = C,Yt = HXt), 

where (X, Y, Z) G R" x M™ x M™><'', T > 0, 

& : X [0,r] X R" X M™ X M™^'' ^ R", cr : 17 x [0, T] x R" x R"* x R™^'' R"^'', 

/ : 17 X [0, T] X R" X R™ X R"^'' R", $ : 17 x R" R™, 

{b{t,x,y,z))ts[o,T], {(^{t,x,y,z))te[o,T], {f{t,x,y,z))te[o,T] are F-progressively measurable for each (a;, y, 2;) € 
R" X R™ X R™^'', and $(x) is J-V-measurable for each x G R". In this paper wc use the usual inner product 
and the Euclidean norm in R", R™ and R™^'', respectively. Given an m x n full-rank matrix G, we define: 

/ -G^f 
A{t,X)= Gb I {t,X), 
\ Ga 

where G^ is the transposed matrix of G. 

We assume that 

(Bl) (i) A{t, A) is uniformly Lipschitz with respect to A, and for any A, A{-, A) G 'H'^{0, T; R" x R™ x W^''"^); 
(ii) $(x) is uniformly Lipschitz with respect to x G R", and for any x G R", ^{x) G L^(17, J^t, -P; R"')- 

The following monotonicity conditions are also necessary: 
(B2) (i) {Ait,X) - A{t,X),X-X) < - /32(|G^yp + IG^^I^), 

(ii) {^{x) — ^{x), G{x — x)) > iJ.i\Gx\'^, x = x — x, y = y — y, z = z — z, 
where /3i, /32, are nonnegative constants with /3i +/32 > 0, /32 + A*i > 0. Moreover, we have /3i > 0, /xi > 
(resp., /32 > 0), when m > n (resp., m < n). 




Remark 2.1. (B2)'-(ii) ($(2;) - $(^),G(x - x)) > 0. 

When $ does not depend on x, i.e., $(x) = C G -^t, P', R™), the monotonicity condition (B2)-(i) 

can be weakened as fohows 

(B3) (i) (A(t,A)-A(t,A),A-A) <-/3i|GJ|2-/32|G^yP, x^x-x, y^y~y, 

where (3i, (32 are nonnegative constants with /3i + P2 > 0. Moreover, we have /3i > (resp., /32 > 0), when 
m > n (resp., m < n). 

Lemma 2.1. Under the assumptions (Bl) and (B2), for any initial state C £ i^(ri, J"t, P; R"), FBSDE (2.2) 
associated with (b, a, /, C, 4') ^fls a unique adapted solution {Xg, Y^, Zs)s£it,T] £ T; R") x T; M™) x 

When $ does not depend on x, i.e., $(2;) = ^ £ L^(r2, J^-, P; R™), there is a corresponding resuh for 
FBSDE (2.2). 

Lemma 2.2. Under the assumptions (Bl) and (B3), for any initial state C G P^(f2, J^f , P; R") and the 
terminal condition $(2;) = ^ G P^(57, J^t, P; R™), FBSDE (2.2) associated with (fo, cr, /, C,^) has a unique 
adapted solution {Xs^Y^, Zs)se[uT] e S'^{t,T]W) x 52(t,r;R'") x ^^(i, T; R™^'^). 

The reader can find the proofs of the Lemmas 2.1 and 2.2 in Peng and Wu |17j . 

Now we give the comparison theorem for FBSDEs which will be used in the later section. 

Lemma 2.3. (Comparison Theorem) Let m = 1 and assume that (&, ct, /, a, for i = 1,2, satisfy (Bl) 
and (B2), where a G R" is the initial state for SDE. Let {Xl,Y^, Zl)t<s<T be the solution of FBSDE (2.2) 
associated with {b,a, f,a,^^), respectively. If^^{x) > P-a.s. for all x G R". Then, Y^ > Y^ , P-a.s. 

As a special case, when $^(a;) = $^(a;) = and > C^, we have 

Lemma 2.4. Let to = 1 and assume that {b,a, f^a,^"^), for i = 1,2, satisfy (Bl) and (B3), where a G R" 
is the initial state for SDE, and i},^"^ G P^(f2, J^^, P; R) are the terminal conditions for related BSDEs, 
respectively. Let {Xl,Y^ , Zl)t<s<T be the solution of FBSDE (2.2) associated with {b,a, f,a,^'^). If > 
^2, P-a.s. Then, Y^ > Y^ , P-a.s. 

The Lemmas 2.3 and 2.4 can be found in Wu [18] . 

3 A DPP for stochastic optimal control problems of FBSDEs 

In this section, we prove the DPP for fully coupled FBSDEs. First we introduce the background of 
stochastic optimal control problems. We suppose that the control state space ?7 is a compact metric space. 
U is the set of all ?7- valued F-progressively measurable processes. If u G Z//, we call u an admissible control. 

For a given admissible control u{-) G U, we regard t as the initial time and C, G L^(r2, .T-j, P; R") as 
the initial state. We consider the following fully coupled forward-backward stochastic control system 

^ b{s, i;*'^'", us)ds + cr(s, X*'';;", y,*'^'", z*'?-", u,)dBs, 

< dY,'''^-'^ ^ -f{s,Xl''^'\Y,:^^-'\Zl''^'\u,)ds + Z*/'^dB„ se[t,T], (3.1) 

where the deterministic mappings 

& : [0, T] X R" X R X R'' X [/ R", ct : [0, T] x R" x R x R'' x ^ R"^^^, 

/ : [0, T] X R" X R x R'' x [/ -J> R, $ : R" -)> R 

are continuous to {t,u), and satisfy the assumptions (Bl) and (B2), for each u^U, and also 
(B4) there exists a constant K >{) such that, for ah t G [0,T], u e U, xi,X2 G R", yi,2/2 £ R, zi, Z2 G R"*, 

\l{t,xi,yi,zi,u) - l(t,X2,y2,Z2,u)\ < K{\xi - X2I + \yi - 2/2I + \zi - Z2I), 

I — b, a, f, respectively, and \^{xi) — <i?(a;2)| < K\xi — X2\- 
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Remark 3.1. Under our assumptions, it is obvious that there exists a constant C > such that, 

\b{t,x,y,z,u)\ + \a{t,x,y,z,u)\ + \f{t,x,y,z,u)\ + \^{x)\ < C(l + |.t| + \y\ + \z\), 
for all {t,x,y,z,u) e [0,T] x R" xR xR'^ x U. Also notice that now (B4) implies (Bl). 
Hence, for any u{ ) G U, from Lemma 2.1, FBSDE (3.1) has a unique solution. 

From Proposition 16.11 in Appendix, there exists C G M+ such that, for any t G [0,T], (,,(,' G 
L'^{^,Ft,P]W), u{-) G U, we have, P-a.s.: 

{i)E[ sup - + sup - + - z*'«''"|2ds I Tt] < c|c - CT, 

t<s<T t<s<T 

{ii)E[ sup \x'/'^\^ + sup |r,*'';-"|2 + j-^ iZ'/'^l^ds 1 Tt] < C{1 + icp). 

t<s<T t<s<T 

(3.2) 

Therefore, we get 

(i) |r/'f^"|<C(l + |C|), P-a.s.; 

(ii) <c|c- CI, P-a.s. 

We now introduce the subspaces of admissible controls. An admissible control process u = {ur)re[t,s] 
on [t, s] is an F-progressively measurable, ?7- valued process. The set of all admissible controls on [t, s] is 
denote Ut^s, t < s <T. 

For a given process u(-) G Ut.r, we define the associated cost functional as follows: 

J{t, X- u) ri'"-" \s=u (t, x) G [0, T] X M", (3.4) 

where the process y*'^-" is defined by FBSDE (3.1). 

From TheoremOwe have, for any t G [0,T] and C G £^(^2, J"*, P; M"), 

J(t,C;^^)=r/''^^", P-a.s. (3.5) 

For C = X G M", we define the value function as 

W{t,x) := esssup„gi^^^ J(t,a;;u). (3.6) 

Remark 3.2. Thanks to the assumptions (Bl) and (B2), the value function W{t,x) is well defined and it 
is a bounded J- 1 -measurable random variable. But it turns out to be deterministic. 

Inspired by the method in Buckdahn and Li [2], we can prove that W is deterministic. 

Proposition 3.1. We assume the assumptions (Bl) and (B2) hold. Then, for any (t,x) G [0,T] x M", 
W(t,x) is a deterministic function in the sense that W{t,x) — E[W{t,x)], P-a.s. 

Proof. Let H denote the Cameron-Martin space of all absolutely continuous elements h ^ il whose derivative 
h belongs to £^([0, T]; R'^). 

For any ft, G iJ, we define the mapping ThLu := u + h, a; G 57. It is easy to check that t/j : J7 — )■ 57 is a 
bijection, and its law is given by Po[Th\~^ = exp{J^ hadBg — ^ \hs\^ds}P. For any fixed (i, a;) G [0, T] xR", 
set Ht ~ {h £ H\h{-) — h{- A t)}. The proof can be separated into the following three steps: 

(1). For aU u G ^f,T, h £ Ht, J{t,x;u){Th) = J{t,x;u{Tii)), P-a.s. 

In fact, using the Girsanov transformation to FBSDE (3.1) (with (. = x) and comparing the obtained 
equation with the FBSDE obtained from (3.1) by replacing the transformed control process u(r/i) for u, due 
to the uniqueness of the solution of (3.1) we obtain 

X|'^;^(r,,) ^ x*''^'"^^"^ for any s G [t,T], P-a.s., 
y,*'^;"(Tft) ^ for any s G [t,T], P-a.s., 

Z*'^^"(r,0 = dsdP-a.e. on [0,r] x n. 
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Hence, J{t,x;u){Th) = J(t,x;u{Th)), P-a.s. 

(2) . For any h E Ht, we have 

{esssup„gj^^^J(i,x;M)}(T/j) = ess snp J {t, x;u){Th)}, P-a.s. 

In fact, for convenience, setting /(i, a;) = ess sup ^gj^^ ^ J(t, x; u), we have J(t, a;) > J{t,x;u). Then, /(t, x)(r?i) > 
J{t,x-u){Th), P-a.s., for all u e Ut,T- Therefore, {esssup„g^^^ J(t,a:;M)}(T/j) > ess sup„g;^^^{ J(t, a;; M)(Tft)}, 
P-a.s. On the other hand, for any random variable ^ which satisfies ^ > J{t,x;u){Th), we have ^{r-h) > 
J{t, x; u), P-a.s., for all u £ Ut^r- So £,{T^h) > I{t, x), P-a.s., i.e. ^ > I{t, x){Th), P-a.s. Thus, J{t, x; u){Th) > 
{ess sup ^ J(t, x; w)}(t;i), P-a.s., for any u ^Ut.T- Therefore, 

ess sup J {t,x;u){Th)} > {esssup„gj^^^ J(<, a;; u)}(r,,), P-a.s. 

From above we get {ess sup J(t, x; M)}(T;i) = ess sup „g;^^^{ J(t, x; M)(T;i)}, P-a.s. 

(3) . Under the Girsanov transformation t/j, W{t,x) is invariant, i.e., 

W{t,x){Th) = W{t,x), P-a.s., for any heH. 
From the first step and the second one, for all h £ Ht, we have 

W{t,x){Th) = esssup„gj^^_^ J(t,x;u)(rh) = ess sup „£;^^_^{ J(t, x; w)(t,J} 
= esssup„gjy^_^ J(i,x;u(T/i)) = M^(i,x), P-a.s. 

In the latter equality we have used {u{Th) \ u(-) G Ut^r} = Ut,T- Therefore, for any h £ Ht, W{t,x){Th) = 
W{t^x), P-a.s., and since VF(i,x) is J^f-measurable, we have this relation for all h E H. 

Combined with the following auxiliary lemma we can complete the proof. □ 

Lemma 3.1. Let C, he a random variable defined over our classical Wiener space {fl,J-T,P), such that 
C{Th) = Ci P-o-.s., for any h E H. Then ( = E(, P-a.s. 

Its proof can be found in Buckdahn and Li [2] . 

From (3.3) and (3.6)-the definition of the value function W{t,x), we get the following property: 
Lemma 3.2. There exists a constant C > such that, for all < t < T, x, x' S M", 

(i) \W{t,x)^W{t,x')\<C\x~x'\; 

(ii) |T^(t,x)| <C(H-|x|). ^ ' 

Lemma 3.3. Under the assumptions (Bl) and (B2), the cost functional J(t,x;u), for any u £ Ut^r, and 
the value function W{t,x) are monotonic in the following sense: for each x,x G E", t G [0,T], 

(i) {J{t,x;u) — J{t,x;u), G(x — x)) > 0, P-a.s.; 

(ii) {W{t,x) -W{t,x), G{x ~x)) >0. 

Proof. We define X., = X*^^-" - Xp'", = i;*'^^" - F,*^^^", = Zl^"^''' - Z*^*^", and Ah{s) = 
/i(s,X*'="'",r^*'^'",Z*'=^'",u^) - /i(s,X*'*'",i;*^^'",Zp'",u^), for = 6, a, /, A, respectively. 
Applying Ito's formula to {Ys,GXs), we get immediately from (B2) 

{J{t,x;u) - J{t,x;u),G{x - x)) = - F/'*'", G'(x - x)) \ Tt] > 0, for any u 6 Wt,T- 

From the definition of W{t,x), we always have W{t,x) > J{t,x;u), P-a.s. for any u G Ut^r- On the other 
hand, similar to Remark 3.5-(ii), we can get, for any e > 0, the existence of u"^ G ^t,T, such that W{t, x) < 
J{t, x; u'^) -\- e. 

IfG(x-x) >0,then {W{t,x) - W{t,x),G{x - x)) > {J{t,x;u') ~ J{t,x;u'') - e)G{x - x) > -eG(x-x). 
If G(x - x) < 0, then for u" such that W{t, x) < J(i, x; u") + e, {W{t, x) - W{t, x), G(x - x)) > -eG(x - x). 
Therefore, {W{t,x) - W{t, x), G(x - x)) > -£|G(x - x)|, for any x,x e M", t G [0,T]. Consequently, letting 
£4,0, {W{t,x) - W{t,x),G{x - x)) > 0, for any x,x G M", t G [0,T]. □ 
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Remark 3.3. (1) From (B2)-(i) we see that if a doesn't depend on z, then (32 = 0. Furthermore, we assume 
that: 

{B5) the Lipschitz constant >0 of a with respect to z is sufficiently small, i.e., there exists some 
La > small enough such that, for all t G [0,r], u U, xi,X2 G K", yi,y2 £ zi,Z2 G K'', 
\a{t,xi,yi, zi,u) - a{t,X2,y2, Z2,u)\ < K{\xi - a;2| + |yi - 2/2!) + L^lzi - Z2\. 
(2) On the other hand, notice that when a doesn't depend on z it's obvious that (B5) always holds true. 

The notation of stochastic backward semigroup was first introduced by Peng [f 6j and was applied to 
prove the DPP for stochastic control problems. Now we discuss a generalized DPP for our stochastic optimal 
control problem (3.1), (3.6). For this we have to adopt Peng's notion of stochastic backward semigroup, and 
to define the family of (backward) semigroups associated with FBSDE (3.1). 

For given initial data {t,x), a real number (5 G (0, T — i], an admissible control process u{-) G Ut,t+s 
and a real-valued random function vj/ : 57 x M" M, J-'t+s ® ;B(M")-measurable such that (B2)-(ii) holds, we 
put 

Gl;:;'',[vi/(i + <5,l*;T)] n*'^^", se[t,t + S], 

where (X*'"^'", Y*'^'^, Zl'^'")t<s<t+s is the solution of the following FBSDE with the time horizon t + S: 

{dXl^x.u ^ x*'^'", i;t>^;«, us)ds + a{s, X*-^:", F,*-^:", Z*-^:", Us)dBs, 

d?,*'^'" = -/(s,X*'^'",y,*'^'",Z*'^;",Us)(is + Z*'^'"dBs, sG [t,t + S\, (3.8) 

Remark 3.4. (1) From Lemma 2.1 and Lemma 2.2 if doesn't depend on x, we know FBSDE (3.8) has a 
unique solution (x*'^:", F*'^:", ^*'^;"). 

(2) We also point out that if 'J is Lipschitz with respect to x, FBSDE (3.8) can be also solved under the 
assumptions (B4) and (B5) on the small interval [t,t + S], for any < 6 < Sq, where small enough Sq > is 
independent of (t, x) and the control u, from Proposition \6.4\ 

Since $ satisfies (B2)-(u) the solution (x*-^!", F*-^'", Z'^^^") of FBSDE (3.1) exists and we get 

t,T i^l^T ' )\ - ^t,t+s[^t+S J- 

Moreover, we have 

Jit,x;u) = r/^^^" = G^f "[<I>(X^'^^")] = Gj-f,[i;*;7"] = G::^4",[J(t + <5,X:;T;z.)]. (3.9) 

Theorem 3.1. Under the assumptions (B2), (B4) and (B5), the value function W(t, x) satisfies the following 
DPP: there exists sufficiently small Sq > 0, such that for any < 5 < Sq, t ^ [0,T — 6], xG M", 

W^(t, x) = ess sup G*;?'4!'jW^(i + <5, X*;T)] . 

Proof. With the help of Lemma 3.2, (3.9), Theorem 5.2, Corollary 5.1, and Proposition 5.4, adapting the 
method of the proof of Theorem 3.6 in [2], we can complete the proof. □ 
From its proof we can get 

Remark 3.5. (i) For all u G Ut,t+s, 

W{t,x){= Ws{t,x)) > Gl:^:^^siW{t + S,Xl:^^'% P-a.s. 

(ii) For any (t, x) G [0, T] x M", S G [0, Sq] and e > 0, there exists some m'^(-) G Ut,t+s such that 

W{t, x){= Ws{t, x)) < G*;^;t [W{t + S, X^ff^)] + e, P-a.s. 
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Notice that from the definition of our stochastic backward semigroup we know here 

Gft^si^it + S, = y,*--^", se[t,t + 5], u{-) e U,j.+s, 

where (X''^'", y^*>=^;"^ Z*'^'")t<s<t+a is the solution of the following FBSDE with the time horizon t + S: 

dxl'^i^ = b{s, X*'^'", Z*'^'", Us)ds + cj{s, X*'^'", i;*^^;", Z*'^'", Us)dBs, 

d?,*'^'" = -/(s,X*'=";",i;*'^'«,Zf'^;",Us)ds + Z*'^'"dB^, se [t,t + S], (3.10) 

Due to Proposition l6.4l there exists sufficiently small Sq > 0, such that for any < S < Sq, the above equation 
(3.10) has a unique solution (X''^^", on the time interval [t, t + 6]. 

From Lemma 3.2, we get the value function W{t, x) is Lipschitz continuous in x, uniformly in t. Now 
we can get the continuity property of W{t, x) in t with the help of Theorem 3.1. 

Theorem 3.2. Under (B2), (B^) and (B5), the value function W{t,x) is continuous in t. 

Proof. Let {t, x) G [0, T] x R". In order to obtain W is continuous in t, it is sufficient to prove the following 
inequality: there exists some constant C, such that 

-C(l + \x\)6^ < W{t, x) - W{t + d,x) < C(l + \x\)di, for ah < 5 < T - i sufficiently small. 

We will only prove the second inequality, the proof of the first one is similar. 
From Remark 13.51 there exists u"^ dU, such that 



Gl'^;;^ [W{t + S, + £ > W{t, x) > G*;^^; [Wit + S, X^ff^)]. 

Therefore, W{t, x) - W{t + S,x)< G*;^;"^ [W(t + <5, X'ff^)] +e-W{t + d,x)^ 1} + ij + e, 
where _ 

1} - Gj;^-^ [W{t + 5, X^f)\ - G*J4"; [W{t + 5, x% 

Ij = G\;f,[W{t + 6,x)]-W{t + 5,x). 

Notice also that G*;";"5[W^(t + (5, x)] = f,*'"^", s e [t,t + 5], u{-) e Ut,t+s, where (X*'^-", f,*'^'", Z*'^'«)t<«<t+5 
is the solution of the following FBSDE with the time horizon t + S: 

^Xl^x;u ^ ^(^^ x*'^'", i;*'^'", Z*'^'", Us)ds + (t(s, X*'^;", i;*'^;", Z*'^;", u^)^^,, 
dr/'^'" = -/(s,X*'^;",f,*'^'«,i*'^;",u,)ds + i-*'^'"dB^, se + (3.11) 
= y/;",-" = W^(i + ,5,a;). 

Applying Ito's formula to qP^^^y^'^''^" — y^*'^'"^^, by taking /3 large enough and using standard methods for 
BSDEs, we get with the help of (3.7) and Proposition 16.51 - fii) for equations (3.10) and (3.11) that 

< CE[\W{t + 5, Xl^J^f) - W{t + 5, x)\^ I Tt] + CE[J^+' - Xp--'^^\^dr \ ^t] 

< CE[\Xl-^f - x\^ I Tt] + CSiE[ sup \Xt^--'^^ - x|2 I J-j] + E[ sup - x\^ \ J"*]) (^.12) 

t<r<i+i5 t<r<t+S 

< CS{l + \x\^), P-a.s. 

That is, there exists some constant C independent of the controls such that 

= - < G(l + \x\)Si, P-a.s. 

From equation (3.11), Remark 3.1, and Proposition 16.51 - fi) (the estimates for FBSDE (3.11)) 

= |^[w^(^+<5,x)+/;+V(s,^^"'"^^;*'"'"^^*'"'"^ 

< G.55 (1 + + + |z*-^'"'|)2ds I 

< C{l + \x\)6i. 

Therefore, W{t, x) - W{t + 5,x) < G(l + \x\)6i + e. Letting e | 0, we complete the proof. □ 
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4 Viscosity solutions of HJB equations 

In this section we show that the value function W{t, x) defined in (3.6) is a viscosity sohition of the 
corresponding HJB equation. For this we use Peng's BSDE approach [16] developed from stochastic control 
problems of decoupled FBSDEs, but still more difficulties for two cases, especially for Case 2. 

Case 1. We suppose that a does not depend on z, but depends on u. 

Then the equation (3.1) becomes the following equation (4.1): 

^^i,x;n ^ ^(^^ ^^^^^ _^ ^(^^ j^t,x;u ^ y^t,:.;«^ Us)dBs, 

dy,*'^'" = -/(s,x*'^'",r^*'^;",z*'^'",w,)ds + z*^^'"dB,, se [t,T], (4.1) 

We consider the following HJB equation: 



ftW{t, x) + H{t, X, W{t, x), DW{t, x), D^W{t, x)) = 0, {t, x) 6 [0, T) x 
W{T,x)^^{x), xeM. 



(4.2) 



In this case the Hamiltonian is given by 



H{t,x,y,p,X) = sui>{p.b{t,x,y,p.a,u) + ^tr {aa'^{t,x,y,u)X) + f{t,x,y,p.a,u)}, 

where t e [0,T], x eU, y eR, p e M, and X e M. 

Let us first recall the definition of a viscosity solution of equation (4.2). More details on viscosity 
solutions can be found in Crandall, Ishill and Lions [3]. 

Definition 4.1. A real-valued continuous function W € C([0,T] x M'^) is called 

(i) a viscosity subsolution of equation (4-2) if W{T,x) < ^{x), for all x G R*^, and if for all functions 
(p G Cfi^{[Q,T] X M*^) and for all {t,x) G [0,r) x R*^ such that W — (p attains a local maximum at {t,x), 

^it,x)+H{t,x,ip,Dip,D^ip)>0; 

(ii) a viscosity supersolution of equation (4-2) if W{T, x) > $(x),/or all x G M'^', and if for all functions 
ip G Cii^{[0,T] x R*^) and for all {t,x) G [0,r) x R*"' such that W ~ (p attains a local minimum at {t,x), 

^it,x)+H{t,x,^,Dip,D^ip) <0; 

(iii) a viscosity solution of equation (4-2) if it is both a viscosity sub- and supersolution of equation (4-2). 

Remark 4.1. Cf^^{[Q^ T] xR*^) denotes the set of the real-valued functions that are continuously differentiate 
up to the third order and whose derivatives of order from 1 to 3 are bounded. 

Tiieorem 4.1. Under the assumptions (B2) and (B4), the value function W{t^x) defined in (3.6) is a 
viscosity solution of (4-2). 

Proof. Obviously, W{T,x) = $(x), a; G R. Let us show that W is a viscosity subsolution, the proof for the 
viscosity supersolution is similar. We suppose that (p> G Cfj([0,T] x R) and that (t, a;) G [0,T) x R is such 
that W — Lp attains its maximum at (i, x). Since W is continuous and of at most linear growth, we only need 
to consider the global maximum at (i, x). Without loss of generality we may assume that ip(t, x) — W{t, x). 
We consider the following equation: 

dX^ = b{s, y«, Z^, us)ds + a{s, X", Y^,Us)dB,, 

dY^^ = -/(s, X^, y«, Z]S u,)ds + Z^dBs, s G [i, t + (5], (4.3) 
= X, Y,l, = p{t + S, X^^,), 0<S<T-^t. 
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From Propositions 16.41 and 16.51 in Appendix, we know there exists sufficiently small < (5i < T — t, such 
that for any < (5 < Si, FBSDE (4.3) has a unique solution {X^, I7, Z^)t<s<t+s e S^{t, t + S;M.)x S^{t, t + 
X V^^t^t + S-^W^), and for p> 2, 

(i) E[ sup sup + |Z,"|2ds)i I J"t] < C(l + |a:|P), P-a.s.; 

t<s<t+5 t<s<t+& 

(ii) i;[ sup - | Tt] < CS^{1 + \x\p), P-a.s.; (4.4) 

t<s<t+5 

(ill) i?[(/;+' |Zl'|2ds)5 I J-,] < C7,55(l + \x\P), P-a.s. 
From the definition of the backward stochastic semigroup for fully coupled FBSDE, we have 

Mt + S, xi^^,)] = y«, se[t,t + S], 0<S<6i. (4.5) 
From the DPP (Theorem 3.1), we have 

^(i,x) = Ty(t,x) =esssup„gj,^^^,G*;^;"JTy(t + <5,X*;T^^ < S < 5^, 
where X*-^'" is defined by FBSDE (3.10). 

From W{s,y) < ip{s,y), {s,y) G [0,T) x R, and the monotonicity property of G'*'^^"^[-] (see Theorem 16.21 in 
Appendix) we have, 

esssup„g^,^_^^^G*;^;",[^(t + 5,xr+s)] - ^H,^) > 0, < 5 < 5,. (4.6) 

Now we define 

n''" - Y^-v{s,x]^) 

= /(r, X^, 17, Ur)dr - Z-dB, + ^{t + S, X,"+,) - ^(5, X,"). 

Using Ito's formula to ip{s, X^), and setting Z^'" = Z," - Dip{s, X^).a{s, X^, X,", u^), we have 



= ^(^' + Difiir, X?).b{r, r«, u,) + ifr (aa^(r, X,", Y,- ,Ur)D^^(r, X«)) 

+/(r, X", y,-, Z,", M,)]c;r - Zi^"dB„ 
Zy- = Z--Dipis,X::).ais,X]^,Y^",u,), t<s<t + S. 



(4.8) 

From (4.5), (4.6), (4.7), we have 

esssup„g;,^^^^F/'">0, P-a.s. (4.9) 

For (s, X, y, m) G [0, T] x M x M x K'' x U, we define 
L{s,x,y, z,u) = ^fis, x) + D(p{s,x).b{s,x,y + ip{s,x),z,u) + ^tr {aa'^{s,x, y + ip{s,x), u)D^ip{s,x)) 

+f{s,x,y + <f{s,x),z,u), 
F{s,x,y,z,u) = L{s,x,y,z + Dip{s,x).a{s,x,y + (p{s,x),u),u). 

Then equation (4.8) can be reformulated as: 

dr/'" = -F{s, Xf, Y}^'", Zi'", u,)d.s + Zl'"dB,, s e[t,t + S], 



(4.10) 



where Y}^" = I7 - ipis,X^), Z^-" = Z^ - Dip{s, X^).a{s, X^ ^Y;;' ,u,). 

Obviously, equation (4.10) has a unique solution (V/'", Zi'"),g[t_t+5] G ^^(i,^ + (5;M) x ■H'^{t,t + d;R'^). 
Indeed, equation (4.10) has a solution (i7 - (/?(s, X,"), Z]- - 1)^(5, X]').cr(s, X,", I7, w,))^g[4_t+5] . If (4.10) 
has another solution (f/^", Zl-'')se[t,t+s] e ^^(t, t + 5; R) x n^{t, t + (5; R'^), then {X^ , f/-" (^(s, X]'), Zj'" + 
£'(/?(s, X").cr(s, X", Yg", Us))sg[j is the solution of equation (4.3), from the uniqueness of the solution 
of FBSDE (4.3), we have f/-"' + ^(s, X") = Y^, Z^« + 7^^(s, Xl').a(s, X,", F,", 7.,) - Z«, i.e., F/^" = 
y,"-(^(s,X]'), P-a.s., Zi." = Z--i^^(s,Xl').a(s,Xl',i;",7.,), a.s., a.e., sG[t,t + <5]. 
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Now we need to study the following BSDE: 

/ dy/-- = -L{s,x,0,Z^,Us)ds + Z^^''^dB,, se[t,t + 6], 

1 y.Ts - 0, ^'-''^ 

where Zf = Z^-^ + Dip{s,x).a{s,x,Y^^''^ + tp{s,x),Us), s £ [t,t + S]. Notice that 

(i) \L{s,x,y, z,u) - L{s,x,y',z',u)\ < C{1 + \x\ + \y\ + \y'\)i\y - y'\ + \z - z'|); 

(ii) \L{s,x,y,z,u)\<C{l + \x\^ + \y\'^ + \z\), y(s,x,y, z,u) € [0,T] x W x R x R"^ x U. ^' ' 

Since G n'^{t,t + 5-R'^), and Elf^'^^ \L{s,x,Q, Z"^ ,Us)\^ds\ < +00, from Lemma 2.1 in 2 , BSDE (4.11) 
has a unique solution (Y,^,"^ Z^^,")^^^^^^^^^^ g 52^^^ t + S;R) x n^{t, t + S; M'^). 
Now we prove some lemmas for the proof of Theorem 4.1. 

Lemma 4.1. For all u G Ut,t+s, we have 

rt+S 



+ I Tt] < CSi, P-a.s., 0<S< 



5i, 



where the constant C is independent of the control u and of S > 0. 
Proof. From (4.7) and (4.4), 

in'-l - mls^' fir, Z:^,ur)dr I Fs] + E[ipit + S, X^+s) - X^f) \ Fs]\ 

< CE[j'/\l + m + 1171 + |Z«|)(ir I Fs] +C6 + CE[\Xl^^s - X«| | J",] 

< csHe[J'+\i + |x;f + + \z^\^)dr \ t,])^ + cs + csHi + 

< CS^l + \Xl'\), P-a.s., s e[t,t + S], 



(4.13) 



where notice that (X,", F,", Z]') = {Xp ' %Zs' P-a.s., s £ [t,t + 5], from the uniqueness of the 

solution of FBSDE (4.3) on [t,t + 5]. Furthermore, from (4.7), we get < C{1 + \X^\), P-a.s., s G [t,t + 6]. 
On the other hand, Z^^" = Z^ - Dip{s, X^).a{s, Xl^Y;!" ,Us), we have 

\Zl-\<Cil + \X:\ + \Z:\), p-a.s., SG [t,i + 5]. (4.14) 

From (4.10), (4.12), (4.13), (4.14) and (4.4) 



|r/'"|2 + £;[/;+'|zi>"|2dr I J-*] 

= 2E[J*+^ y,i'"i^(r, Z^'", u,)dr I J^t] 

< CS-2E[J*+\l + + |X,"|3)dr I J-*] + CdiE[j'+^ \Z^\^dr \ Tt] 

< CSl P-a.s. 



(4.15) 



Therefore, from (4.13), (4.15) and (4.4) 

E[J^^\\Y^''-\ + \Zl-^\)ds\Tt] 



< C5iE[J*^\l + |X«|)dr I J^t] + C6He[J*+^ \Z^^^\^dr \ Tt])'- 

< Cjt, P-a.s., 0<S<Si. 



Remark 4.2. From (4-4), and (4-14), 

rt+s 



E[{j^ \Zl^'-\^drf I Ft] < C5\ (4.16) 
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Lemma 4.2. For all u € Ut,t+s, we have 

- < CSi, P-a.s., Q<5<5u 
where C is independent of the control process u and of 5 > 0. 

Proof. We define: g{s) = L{s, X^,0, ,Us) - L{s,x,Q, Z^,Us), po{r) = (1 + \x\^ + \Zl^\){r + r"^), r > 0, 
Then, \g{s)\ < Cpo{\X^ - a;|), s&[t,t + 6]. From (4.4), (4.10), (4.11), the definitions of F and L, we have 
|yM_y^2,.| ^ \E[iY,''--Y^--)\T,]\ 

= |£;[/;+'(L(s,X,",y/'",Z,",M,)-L(s,x,0,4",u,))(is (4.17) 
< E[J^'+'[C{1 + + |F/-"|)|y,i-"| + C(l + \x\)\Z^ - Z-\ + g{s)]ds \ T^]- 

Notice that from (4.13), E[J^^\l + \X'^\ + \Y}^'''\)\Y}^''\ds \ J^t] < CSi; from (4.8), (4.11) and (4.4) 

E[J^+' \Z- - Z-\ds \ Tt] 
= \Z^-- + D^{s, X^).a{s, X^, Y}^^ + <p{s, X«), u,) 

-{Zl'^ + Dipis, x).a{s, X, Yy + cpis, x), u,))|rfs | J^t] 

< ci?[/;+' \x:: -x\{i + \x-\ + ir/^-Dd. i j-,] 

< CdE[ sup \X- - x\{l + \X-\ + IF/'DIJ-t] < C6i, P-a.s.; 

t<s<t+S 

furthermore, from (4.4), 

E[J^+'g{s)ds I Tt] < SHe[J'^' g{s)'ds I J-,])^ 
< C6He[J^^\i + + |Z«n(|X," - x\^ + \X? - x\^)dr \ Tt])^ < Cjt, P-a.s. 

Prom (4.17), the proof is complete. □ 
Now we consider the following equation: 

dY^'" = -L{s,x,0, Dip{s,x).a{s,x,ip{s,x),Us),Us)ds + Z^''^dBs, sG[t,t + S], 

y3,u _ 

where u(-) € Ut,t+s- Notice that 

L{s, X, 0, Dip{s, x).a{s, x, ip{s, x),Us),Us) = F{s, x, 0, 0, Ug). 
Lemma 4.3. For all u € Ut,t+5, we have 

|y.2,« _ y3,u^ ^ ^^1^ 0<6<6i, 

where C is independent of the control process u and of 6 > 0. 
Proof. Prom (4.11), (4.18), (4.12) and Lemma 4.1, 

^y2,u_y3,u^ = \E[J^+\l{s,x,0,Z^,u,) - L{s,x,Q,D^{s,x).a{s,x,^{s,x),Us),Us))ds \ Tt]\ 

< CE[jl^\l + \x\){\Y}-^-\ + \Zl'-\)ds I Tt] 

< C5i, P-a.s., < (5 < 



(4.18) 



Lemma 4.4. Let lo(-) he the solution of the following ordinary differential equation: 

%{s) = ~Fo{s,x,Q,Q), s£[t,t + 5], 
Yo{t + 5) = 0, 



(4.19) 



where 

i=o(s, x, 0, 0) = sup F{s, X, 0, 0, u). (4.20) 

Then, P-a.s., 

esssup„et<,^^,y,^'" = Fo(i). (4.21) 
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Proof. Obviously, (4.19) has a unique solution. From the definition of Fo(s,x, 0,0), we know 

Fo(s, x, 0, 0) > F(s, X, 0, 0, Us), for any u £ Ut,t+s- 
Therefore, from the comparison theorem of BSDE (see. Lemma 2.2 in [2]), 

i^o(s) > V/'", P-a.s., for any s e [t,t + 5], for any u G Ut^+s, 
where {Yq{-), Zo{-)) is the solution of the following BSDE: 



dYa{s) = -FQ{s,x,Q,Q)ds + ZQ{s)dBs, se[t,t + 6], 
%{t + 6) = 0. 

In fact, {Y(i{s),Za{s)) = (ro(s),0). Therefore, Yo{t) > F/'"', P-a.s., for any u e l(t,t+s- 

On the other hand, since _Fb(s, x, 0, 0) = sup _F(s, x, 0, 0, u), there exists some measurable function 

u<£U 

u{s,x) : [t,t + S] X M" U, such that F{s, x, 0, 0, u{s,x)) = Fo{s, x, 0, 0). Define u° = u{s, x), s £ [t,t + S], 
then u° e and Fq[s, x, 0, 0) — F{s, x, 0, 0, {t°), s G [t, i + (5]. Consequently, from the uniqueness of the 

Q -0 n 

solution of the BSDE it follows that Yoit) = , P-a.s. Therefore, esssup^g^^ — Yoit), P-a.s. 

□ 

Now we are able to complete the proof of Theorem 4.1 as follows: 

Indeed, from (4.9) we know that esssup„g^^ ^^^Y"/'" > 0, P-a.s. Therefore, from the Lemmas 4.2 
and 4.3 we get esssup^^j^^ t+s^t^'" — "C'J^, P-a.s. Thus, from Lemma 4.4, Yo{t) > —CS^, where Yq is the 
solution of (4.19). Then, 

-J Fo{s,x,0,0)ds>-C6i, 0<6<6i. 

It follows by letting 5 — that 

sup F{t, X, 0, 0, u) = Fa{t, x, 0, 0) > 0. 

From the definition of F we see that is a subsolution of (4.2). Similarly, we can prove that ly is a viscosity 
supersolution of (4.2). Therefore, Vl^ is a viscosity solution of (4.2). 

□ 

Case 2. We suppose that a depends on z, and does not depend on u. 
Now equation (3.1) becomes the following one 

dXl^x-u ^ ^(^^ x*'^;", z*'^'", us)ds + cr(s, X*'^:", F,*-^;", Zl'''-'')dBs, 

dY^t,x;u ^ _ X*'^;", i;*'^!", Z*'^;", Us)ds + Zl'^'-'^'dBs, s e [t, T], (4.22) 

The related HJB equation is the following PDF combined with the algebraic equation: 
§tW{t, x) + H{t, X, W{t, x),V{t, x)) = 0, 

V{t,x) ^ DW{t,x).(j{t,x,W{t,x),V{t,x)), (i,a;) e [0,r) X R", (4.23) 
W{T,x)^^{x), xgM". 

In this case 

H{t, X, W{t, x), V{t, x)) = sn^{DW{t, x).h{t, x, W{t, x),V(t, x), u) 

+^tT (aa^it, X, W{t, x), V{t, x))D^W{t, x)) + f{t, x, W{t, x), V{t, x),u)}, 

where t G [0,r],x G M". 

We also give the definition of viscosity solution for this kind of PDF. 
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Definition 4.2. A real-valued continuous function W € C{[0,T] x R") is called 

(i) a viscosity subsolution of equation (4-23) if W{T,x) < $(a;), for all x G K", and if for all functions 
(fi e Cfj([0,T] X R") satisfying the monotonicity condition (B2)'-(ii) and for all {t,x) £ [0,T) x M" such 
that W ^ If attains a local maximum at {t,x), 

^{t, x) + H{t, X, (p{t, x), ip{t, x)) > 0, 

where ip is the unique solution of the following algebraic equation: 
ip{t, x) = Dip{t, x).cr{t, X, ip{t, x), 4'{t, x)). 

(ii) a viscosity supersolution of equation (4-23) ifW{T,x) > ^(x)^for all x G M", and if for all functions 
ip G Cfj([0,T] X R") satisfying the monotonicity condition (B2)'-(ii) and for all {t,x) G [0, T) x R" such 
that W — if attains a local minimum at {t,x), 

^{t, x) + H{t, X, ^{t, x), x)) < 0, 

where ip is the unique solution of the following algebraic equation: 
ip{t, x) = Dip{t, x).a{t, X, ip{t, x), ipit, x)). 

(iii) a viscosity solution of equation (4-23) if it is both a viscosity sub- and supersolution of equation (4.23). 

Remark 4.3. In this case we need the following technical assumption: 
(B6) P2 > 0; 

(B7) Ga{s,x,y, z) is continuous in s, uniformly with respect to {x,y,z) G R" x R x R''. 

Theorem 4.2. Under the assumptions (B2), (B4), (B5), (B6) and (B7), the value function W is a viscosity 
solution of (4.23). 

Proof. Obviously, W{T,x) = $(a;), x G R". We prove only that is a viscosity subsolution, that it is 
also a viscosity supersolution can be proved similarly. We suppose that G Cf ^([0, T] x R") satisfying the 
monotonicity condition (B2)'-(ii) and that (t, a:) G [0,T) x R" is such that W — ip attains its maximum at 
(t, x). Since W is continuous and of at most linear growth, we can replace the condition of a local maximum 
by that of a global one in the definition of the viscosity subsolution. Without loss of generality we may 
assume that (p{t,x) — W{t,x). We consider the following equation: 

d^s = Hs, X""^ ,Y^Z"^Us)ds -\- (7{s^ X"^ ,Y" , Z'^)dBs, 
< dY" = -f_{s,T',,Y",z",,Us)ds + ZyBs, se[t,t + S], (4.24) 
^X = x, Fr+, = pit + SX+s): 0<S<T^t. 

From ProT)Osition l6.4l and Proposition l6.5l in Appendix, we know there exists sufficiently small < < T — t 
such that for any < (5 < Si, FBSDE (4.24) has a unique solution (X",F", z")sg[t,t+5] G S^{t,t + (5;R") x 
S'^{t,t-\-S;M.) X H'^{t,t + (5;R''), and for p>2, 

(i) E[ sup sup \r:\P + ij'^'\X\^ds)i \Tt]<C{l + \x\P), P-a.s.; 

t<s<t+5 t<s<t+S 

(ii) E[ sup \T, ~x\P \Tt]<C5^{l + \x\P), P-a.s.; (4.25) 

t<s<t+S 

(iii) E[{J^+^ \X\^ds)i I Tt] < CSiil + \x\p), P-a.s. 

According to the definition of the backward stochastic semigroup for fully coupled FBSDE, we have 

Gl'^,::sMt + sX+s)]-y:, s e [t,t + S]. 
And due to the DPP (Theorem 3.1), we have 

^(i,x) =^^(t,x) =esssup„g;,^^^^,Gj;^;'^,[T^(t + 5,x;5")]^ 0<S<Si, 
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where is defined by FBSDE (3.10) 



From ip{s, y) > W{s, y), (s, y) £ [0, T) x R", and the monotonicity property of Gj'^l"^[-] (see Theorem 



16. 2p we obtain 

esssup„g^^_^^,G*;^;",[^(i + <5,xr+,)] - ^it,x) > 0, < <5 < ^i. (4.26) 

Now we set 

Applying Ito's formula to ip{s, X g), and setting = — Dip{s, ).(t(s, , , ), we obtain 



+D^{r, X;).b{r, X;, Y^, Z^, Ur) + f{r, X^ Y^, <, Ur)\dT - f^' Z^dBr, (4.28) 
From (4.26) and (4.27), we have 

esssup„gi,^^^^F^" > 0. (4.29) 

Define 

i(s, X, y, z, w) = -^ifls, x) + Dip{s, x).b{s, x,y + ip{s, x), z, u) + ^tr {aa^ {s, x,y + ip{s, x), z)D^ip{s, x)) 
+/(s, x,y + ip{s, x),z, u), (s, X, y, z, u) G [0, T] x M" x M x K'' x U. 

Notice now that 

(i) |L(s,x,y,z,u) -L(s,x,2/',z',u)| < C{1 + \x\ + \y\ + \y'\ + \z\ + \z'\){\y-y'\ + |z- z'|); 

(ii) \L{s,x,y,z,u)\ < C(l + |a;p + \y\^ + \z\^), y{s,x,y,z,u) e [0,T] x M" x M x K'' x JJ. 

Therefore, equation (4.28) can be written into the following form: 

^ dF^'" = -L{s,ltl,Yl'"X,Us)ds+'zl'"dBs, se[t,t + S], 

X = z;'"+i?^(s,x:).a(s,x:,F;"+(p(s,x:),z:), .se[<,t+<5], (4.30) 

Obviously, (4.30) has a solution (F^'",Z^'") G 52(t,t + 5i;M) x V?(t,t + ^i;IR''), because (4.24) has a 
unique solution (X^ , , Z^ )se[t,t+5] , and F^' = Y ^ - ip{s, X^ ), Z^' ^ Z^ - D(f{s, X^).a{s, X^ , Y^' + 
(^(s,x"),z") solves (4.30). 

In order to complete the proof of Theorem 4.2, we need the following lemmas. 

We need to consider the following BSDE combined with an algebraic equation: 

dF^'" = -L{s,x,0,Z^,Us)ds + zl'''dB,, se[t,t + 5], 

Z« = Z^" + 7^^(s,x).a(s,x,F;" + (p(s,x),i-), se[t,t + S], (4.31) 

t+5 — 

where u(-) e Ut,t+s- For it, we have to study first the algebraic equation. 

Remark 4.4. For m = 1, the matrix G becomes a vector in M", and without loss of generality, we may 
assume G = (1, 0, • • • , 0) S M". Thus, we have the following conditions from the monotonicity condition 
(B2): 

(i) {(Ji{t,x,y,z) - ai{t,x,y,z),z - z) < -I32\z - z\'^; 

(h) G^Dip{s,x)>Q, i.e.,D^^(p{s,x) >0, D^^ip{s,x) ^ 0, 2<i<n. ^ ' ' 

Indeed, (i) follows from (B2)-(i), and (ii) follows from (B2)'-(ii) satisfied by ip : {ip{s,x) — ip{s,x),G{x — x)) > 
0, (pGG3,([0,T] xM"). 
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We have the following important Representation Theorem for the solution of the algebraic equation. 

Proposition 4.1. For any s G [0,T], ^ G R'^, y G R, x G M", there exists a unique z such that z = 
+ Dip{s,x).(7{s,x,y + (p(s,x), z). That means, the solution z can be written as z = h{s,x,y,C)j where the 
function h is Lipschitz with respect to y,(^, and \h{s,x,y,C,)\ < C(l + |a;| + \y\ + The constant C is 
independent of s, x, y, And z = h{s, x, y, Q is continuous with respect to s. 

Proof. First Step. From Remark 4.4, we can prove that the equation z = D(p{s, x).a{s, x, (p{s, x), z) has a 
unique solution z. 

Indeed, by fixing (s, x) and setting a := Dxi^fis, x), ai{z) = ai{s, x, (p{s, x), z), we only need to consider the 
equation z = aai{z). 

(1) If a = 0, then z = is the solution. 

(2) Let a > 0, and C € M"^. We choose a small 5 G (0, 1) to make the mapping z aSai{z) Lipschitz 
with Lipschitz constant Lg < 1, and wc set So = y+JtJ' 'v^here [z] represents the integer part of the real 
nonnegative number z. Then the mapping z H- a6oai{z) is still Lipschitz with Lipschitz constant < 1. 
For simplicity of the notations we still use S to denote ^o- Obviously, there exists a unique fixed point zs 
such that zs = C + Saai{zs). We now consider z'^'^^ = (C + ^o,(^i{^s)) + n> 1, zj = 0, and we 
put z2 ■■= z^ - z^-\ n > 1. Then 

< Ls\z2\-\z2+'\-f}2Sa\z^+'\^. 

Thus, putting ^2 := aSP2 > 0, we have (1 + ^a)!^^^^!^ < 1^^ | ■ l^^+^l < ^l^"^ + ^{zg^'^?, from where we 
get (i + /32)\zg^^\'^ < n > 1. Therefore, there exists a unique Zg, such that z^ ~ ( + 25aai{zg). 

Let > 1 such that N6 = 1 and 1 < k < N. Suppose that G R"^, there exists a unique zg such that 
Zg = ( + k5acri{zs). Now we consider the equation zj*"*"^ = + 5aai{zg)) + k5acri{z'^~^^), n > 1, zj = 0. 
Using the above argument wc sec that also the equation zg = ( + {k + l)6aai{zs) has a unique fixed point 
Zg, for all ( <E R'^. This completes the proof of the first step. 

Second step. From the above, since for any ^ 6 M'', there exists a unique z of the equation z = 
C + D(p{s,x).a{s,x,y + (p{s,x),z){= C + Dxiip{s,x)ai{s,x,y + (p{s,x), z)). z is uniquely determined by 
(s, X, y, C), and we can put z = h{s, x, y, Q. This function h is measurable and it is Lipschitz with respect to 

Indeed, for any y, (, y, C; we consider: 

^ = C + -Dxi <p(s, x)ai {s, x,y + (p{s, x),z), z = ( + D^^ (f{s, x)ai {s,x,y + (p{s, x),z). 

Then, taking into account Remark 4.4-(i) and ip G Cf f,{[0,T] x R"), 

{z — z, z — z) 

= (C - C + Dx^ifi{s, x)(7i{s, x,y + (p{s, x),z)- Dx^(p{s, x)ai{s, x,y + (p{s, x), z), z - z) 
= iC - C,z - z) + {DxiV>{s,x)(Ji{s,x,y + Lp{s,x),z) - D^^(p{s,x)ai{s,x,y + <fi{s,x),z),z - z) 
+ {D^^(f{s, x)ai{s, x,y + (f{s, x), z) - D^^<f{s, x)a-i{s, x,y + (p{s, x), z), z - z) 

< C\C - CP + h\z- z\^ + Ci-p2)\-z - z\^ + C\y -y\\z- z\ 

< C\C-C\' + k\^-z\^ + C\y-y\\ 
Therefore, we have |^ — 5| < C(|C — C\ + \y — y\)- 

Similarly we can prove \h{s,x,y,Q\ < C(l + \x\ + \y\ + \(\), where the constant C is independent of 
s, X, y, C- Indeed, wc have 

{z, z) = {C + Dx^ip{s, x)ai{s, x,y + (p{s, x), z), z) 
= iC z) + {Dxi^{s, x)ai{s, x,y + ip{s, x), z) - Dx^ip{s, x)ai{s, x,y + <fi{s, x),0), z) 
+ {Dxi (fis, x)ai (s, x,y + ip{s, x), 0),z) 

< C\C\^ + \\z? + C{^02)\z? + C(l + \x\ + \y\)\ 
which implies \z\ < C(l + |.x-| + |y| + |C|). 
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The fact that z = ft,(.s, .x, y, C) is continuous with respect to s can be proved similarly. 
Indeed, let zi = C + -Da;i</j(si, a;)cTi(si, a;, y + (y9(si, x), Zi), = C,+D^^ip{s2,x)ai{s2,x,y + (p{s2,x),Z2), then, 
{zi — Z2, Zi — Z2) 

= (Dj;i!^(si,x)cti(si,x,2/ + (/?(si,x),zi) - D^^Lp{si,x)ai{si,x,y + tp{si,x), Z2), zi - Z2) 

+ x)(Ti(si, X, y + (p(si, x), Z2) " £'xi<^(s2, a;)o-l(s2, ."Z;, y + <p(s2 , x) , Z2 ) , 2^1 " ^2) 

< {D^^ip{si,x)ai{si,x,y + (p{si,x),Z2) - Dx^(p{s2,x)ai{s2,x,y + ip{s2,x), Z2), zi - Z2) 

< C\si - S2|(l + \x\ + \y\)\zi - Z2\+C{\ai{s2,x,y + (p{si,x),Z2) - ai{si,x,y + (fi{si,x),Z2)\ 

+ |S1 - S2|)|2;i - Z2I 

< C\si - §2 1^(1 + \x\^ + \y\'^) + C{\ai{s2,x,y + ip{si,x),Z2) - ai{si,x,y + ip{si,x),Z2)\'^ 

+ |si-S2p) + i|zi-Z2p, 

therefore, we have 

\zi - Z2\^ < C\si - .S2p(l + |a;p + \y?) + C\ai{s2,x,y + (/?(si, x), 22) - fTi(si,x,y + <^(si, x), 22)^ 
< C\s,~s2\\l + \x\^ + \y\'') + C\p{6)\\ 
where p(^) := sup \ai{s2,x,y,z) — a\{si,x,y,z)\, Si, S2 € [0, T], for |si — S2I < ^, then from (B7) 

we have — >■ 0, as ^ — >■ 0. It follows that z = h{s, x, y, Q is continuous with respect to s. □ 

Lemma 4.5. For every u £ Ut,t+5, 

ft+S _i 

E[J (|y,"| + |Z;"|)ds|7-(]<CT4, P-a.s., 0<S<Su (4.33) 

where the constant C is independent of the control u and ofd>0. 

Proof. From equation (4.30), we have that can be written as z" ~ h{s, x", F^'", z],'"), where h satisfies 
the properties given in Proposition 4.1. Let F{s,x,y, z,u) = L(s,x,y,h{s,x,y, z),u). Then, (4.30) can be 
rewritten as follows 



dv]'" = -F{s,jCYl'",zl'",Us)ds + zl"''dB„ se[t,t + d], 



(4.34) 



Then the proof is similar to the proof of Lemma 4.1, we can get 



\yI'"'\<C6^1 + \X"J), P-a.s., s€[t,t + d]. (4.35) 



On the other hand, 



= \Z: - D^is, X:).a{s, x'lTs, < C{1 + l^] + jy^j + |<|), p-a.s. (4.36) 
And, from (4.27) and (4.35) we know, 

|Yt I < C(l + P-a.s., se[t,t + 6]. (4.37) 
Prom (4.34), (4.35), (4.36), (4.37) and (4.25), 

IF^'-P + it'pdr I T,] = 2E[J^+'Yl:''F{r,X:yr \X-\ur)dr \ ^t] 

< |F:'"|(1 + \X\' + \y';"\' + \zly)dr I Tt] 

< C6iE[J*+\l + \X? + \Xy)dr I J't] + CSiE[J^'^\l + |X"|)|Z;pdr | J^] < Cdi, P-a.s. 

(4.38) 

Therefore, 

E[ir\\yl'^\ + \zT\)ds I Tt] < CSiE[J^+\l + \X:\)dr \ T,] + C6He[J^+' ifydr \ 
< CSi, P-a.s., 0<6<Si. 
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Remark 4.5. From (4.36), (4.37) and (4.25) we get 




(4.39) 



Remark 4.6. From Proposition 4.1 and the fact that the solution (Y ' ,Z ' ) belongs to 
H^{t,t + S;M.'^), we see that the unique solution of the equation 



{t,t + S;M.) X 



Zs = Z]'" + D^{s,x).a{s,x,Yl'" + ^{s,x),Z^), s G [t,t + S], 



belongs to t + 5; M.'^) and = h{s, x, Y g , Zg ). Similar to Remark 4-5, we know 



(i) E[J*^' \Z:^\^ds \ Tt] < C5, P-a.s.; (ii) E[{J^'+' \Z^\^ds)^ \ Tt] < CS^ P-a.s. 



Then, from Lemma 2.1 in \16^ BSDE (4.31) has a unique solution {Y ' , Z ). 
Lemma 4.6. For every u £ lAt.t+s, we have 



where C is independent of the control process u and of 6 > 0. 

Proof. Similar to the proof of Lemma 4.2 we set g{s) — L{s, x", 0, Z^, Ug) — L{s, x, 0,'Z^, Ms), Po{r) = (1 + 
|x|2 + |Z^|2)(r + r2), r > 0. Obviously, \g{s)\ < C po{\K - x\) , ior s e [t,t + S], {t,x) e [0,r)xR", ueUt,t+s. 
Therefore, we have, from equations (4.30) and (4.31), estimates (4.25), (4.35) and (4.39), 



|F^"-F^"| = l^(F,^--Ff)|J-,]| 

= |£;[/;+'(i(s,X:,r;",Z:,u,) ~L{s,x,O^Z^,Us))ds \Tt]\ 

< CE[J^^\poi\x: - x\)j- c(i + \x:\ + \yI'^\ + |z:i)|y;"| 

+c(i + \x\ + \z:\_+ \z: - z-\)\z: - z-\)ds _ 

< CSi + CE[J*^^ \Z" - Z^\ds I Tt] + CE[jl^^ \Zl\\z" - Z,"|ds | Tt\ 
^CE\\l^' \X-Z-\Hs\T,\. 



= '\'Dxi'^{s,x)ax{s,x,Y ^ ip{s,x),Z'^) - Dx^if{s,x)ai{s,x,Yg'^ + (^(s, x), Z^), - Z^) 

+ {DxMs, x)ai (s, x, y^'" + ip{s, x), Z") - Dr,^ip{s, x)ai (s, X", F^'" + ip{s, X"), Z"), Z"^ - Z") 

+ {D.Ms.x)a,{sXsJ':'' + ^{s,X)Xs)- i?.,</'(5,X>i(s,x:,F;"_+ ^{sXs)X), X) 

< -p^z- - zy + cx^- x\]z^- z:\ + c\x:- x\{i+ Xs\ +_}yI''\ + \z:\)\z- - zn 

< c\x: - x\^ + i|z« - zy + c\x: - x\\i + Ki + + iz:i)2. 



yf"|<C^3, p-a.s., 0<d<di, 



Furthermore, 



from Proposition 4.1 and Remark 4.4. Therefore, we have 



Zg-Z:!\<C{l + \Xg\)\Xg 



x\+C\X:-x\{\y]-^\-^\X\)- 



Then, from Lemma 4.5 and (4.25), the proof is complete. 
We now consider the following equation 



□ 



< tp{s,x) 




—L{s,x,0,'il;{s,x),Us)ds + Zg dBg, s£[t,t + S], 
Dip{s, x).a{s, X, (p{s, x), '(/'(s, x)), s G [t, t + S], 
0. 



(4.41) 



t+S 



Lemma 4.7. For every u G lAt^t+s, we have 



Yt I < CS^, P-a.s., Q<S <6i, 



where C is independent of the control process u and of S > 0. 
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Proof. Prom (4.31) and (4.41), we get 

iFf" - "I = \E[J^+\l{s, X, 0, u,) - L{s, X, 0, ^'(s, x), u,))ds \ Tt\ \ 
< CE[jl+\l + \x\ + \ZmZ^ -i>{s,x)\ds I J-*]. 
Prom Remark 4.6, = /i(s, x, ) -^^s )> ^''^d from Proposition 4.1, ^'(s, a^) = /i(s, x, 0, 0), hence we obtain 
\Z- - V(s,x)| < C(|F^'"| + \ZY\)- Notice 

- V(s, x) Ids I J-*] 

< C{E[jl^' \Z^\Hs I J-t])^(S[/;+^(|y^"| + \zY\fds I 7-,])i < CTt, P-a.s., 

where the last inequality is due to (4.38) and (i) in Remark 4.6. Purthermore, from Lemma 4.5, we have 
|Ff"-Fj'"| <C55, p-a.s. □ 

Lemma 4.8. Let Yo{-) he the solution of the following ordinary differential equation combined with an 
algebraic equation: 

dYo{s) = —Lo{s,x,0,^p{s,x))ds, s£[t,t + S], 

tp{s,x) = D(fi{s,x).a{s,x,(fi{s,x),'ip{s,x)), sG[t,t + d], (4.42) 
Yo{t + S) = 0, 

where the function Lq is defined by 

Lo{s, x, 0, z) = sup L{s, X, 0, z, u), (s, x, z) e [t, i + 5] x M" x R**. 

Then, P-a.s., 

Yo{t) = esssuY>u^u,,,+,Yt . 
Proof. Since Lo(s, x, 0, z) — sup L(s, x, 0, z, u), we have 

Lo{s, X, 0,tp{s, x)) > L{s, X, 0,tp{s, x), Ug), s G [t,t + 5], for all u € Ut,t+5, 

3 ^ 

we have Yt^{t) >Yi , P-a.s., for any u S Ut,t+s- Indeed, (4.42) can be regarded as a BSDE with the solution 
{Ys,Zs) = (Fo(s),0). This allows to apply the comparison theorem of BSDEs. 

On the other hand, since Lq{s, x, 0, z) — sup L{s, x, 0, z, u), there exists a measurable function u : [t, t+ 

ueu 

SjxW^xW' -)■ U, such that Lq{s,x,0,iP{s,x)) = L{s,x,0,ip{s,x),u{s,x,ip{s,x))), for all s € [t,t+6]. We put 
Us = u{s,x,tjj{s, x)), s G [t,t + 6], obviously u G Ut^t+s, and Lo{s, x, 0,tp{s, x)) = L{s, x, 0, i/j{s, x),Us), s G 
[t, t + 6]. Consequently, from the uniqueness of the solution of the BSDE, we have {Y^'^, z\'^) = {YQ{t), 0), 
and particularly, Yo{t) = F^'", P-a.s. Therefore, Ya{t) = esssup^gj^t t+j^t d 

We are now able to finish the proof of Theorem 4.2. 
Indeed, from (4.29) we know that 

esssup„gj^^^^^Fj'" > 0, P-a.s. 

Thus, from the Lemmas 4.6 and 4.7 we get ess sup ^^j^t t+j " — —C5i, P-a.s. Thus, by Lemma 4.8, 
Yoit) > —C5i, P-a.s., where Yq is the unique solution of (4.42). Consequently, 



1^ . . 1 



4+5 



-C5-^ < -Yoit) = - y Lois, X, 0, V(s, x))ds, 6 > 0, 

from where, thanks to the continuity of s i-> Lo{s, x, 0, ipis, x)), it follows that 

sup L{t, X, 0, tp{t, x),u) = Lo{t, X, 0, ipit, x)) > 0, 
ueu 

where ip{t,x) = Dip{t, x).a{t, x, ip{t, x),il){t, x)) and from the definition of L we see that is a viscosity 
subsolution of (4.23). Similarly, we can prove that is a viscosity supersolution of (4.23). Therefore, W is 
a viscosity solution of (4.23). 

□ 
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5 Examples 

Now we give two examples associated with the two cases studied above. For simplification, we set m — n — 
d = I, and G = 1. In the first example, a does not depend on z, but depends on u. 

Example 5.1. We consider the following fully coupled FBSDE: 

^ (3X*'^';« + 5Zp'")ds + (4X*'^'" - 5y,*'"^'" + Us)dB,, 
aY^,X'U ^ _(2X*^^'" + 3y,*'^'" + 4Z*^^'" + u,)ds + Zl^'^'^'dB,, s e [t,T], (5.1) 

-^t — -^i T — T ' 

where u £ U is an admissible control. 

For a given admissible control u, the coefficients of equation 115. 1\) satisfy the assumptions (Bl), (B2) 
and (B4), then there exists a unique solution (x*'^'", F*'^'", Z*'"^'"). We define 

W{t,x)= ess sup ^^u^.r^t (5.2) 
it follows from Theorem 4-1 that W{t,x) is the viscosity solution of the following PDE: 

' ^W{t, x) + sup{i^H/(t, x)(^x ~ hW{t, x) + uf + %iW{t, x)(ix + h-§^W(t, x)(^x ~ hW{t, x) + u)) 
ueii 

+2x + 3W{t, x) + 4^VF(t, x){4:X - 5W{t, x) + u)} = 0, (t, x) £ [0, T) x M, 

L WiT,x) = X. 

In the following example, a depends on z, but does not depend on u. 
Example 5.2. We consider the following fully coupled FBSDE: 

dX*'^'" = (-(X*^^'")+ - 4i;*'^'" + Us)ds + (-X*'^'" - L^Zl'^'-^^dB,, 
dY^,x-u ^ _(2X|'^;" - (y^*'^''')+ - Zp-'' + us)ds + s G [t, T], (5.3) 

where the constant > is sufficiently small, u € U is an admissible control. 

It is easy to check that the coefficients of equation i5.S\) satisfy the assumptions (Bl), (B2), (B4), 
(B5), (B6) and (B7), hence there exists a unique solution (x*'^'", F*'^'", Z*'^'"). We define 

W^(i,x)=esssup„g^,^^y/'^^", (5.4) 

and we associate ^5.3\) with the following partial differential equation, 

^^W{t, x) + sup{i^W^(t, x){x + L„V{t, x)f + §^W{t, x){-AW{t, x)-x+ +u) + 2x- W+{t, x) 

-V{t,x)+u} = 0, 
V{t, x) = i^W{t, x){-x - L„V{t, x)), {t, x) e [0, T) X K, 
W{T,x) = X. 

(5.5) 

Therefore, from Theorem 4. 2, W{t,x) defined by \5.4^ is the viscosity solution of 



6 Appendix 

In this subsection we prove some basic important estimates for fully coupled FBSDEs under monotonic 
assumptions, and present new estimates and new generalized comparison theorem for FBSDEs on small time 
interval. Let us now give four mappings: 

6 : X [0, T] X K" X R X M'' ^ K", cr : f7 x [0, T] x M" x M x M'* ^ M"><'*, 

/ : X [0, T] X M" X M X M'' ^ M, $ : rj x M" R, 
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{b{t,x,y,z))te[o.T], y, z))tg[o,T], a;, y, z))tg[o,r] are F-progressively measurable for each (x, y, z) e 

X K X R"^, and is Jr-measurable for each x & M", which satisfy (Bl) and (B2), and also 
(CI) there exists a constant K >0 such that, for any t e [0, T], {x, y, z), {x' , y' , z') G x M x R'', P-a.s., 

\l{t,x,y, z) — l{t,x' ,y' , z')\ < K{\x — x'\ + \y — y'\ + \z — z'\), where Z = 6, cr, /, respectively, and 

|$(a;) - $(x')| < K{\x-x'\); 
(C2) there exists a constant L > such that, for any t E [0, T], {x, y, z) e R" x R x R'', P-a.s., 

\b{t,x,y,z)\ + \c7{t,x,y,z)\ + \f{t,x,y,z)\ + \^{x)\ < L(l + |a;| + \y\ + \z\). 

We consider the following FBSDE parameterized by the initial condition {t, (^) e [0, T]xL'^{fl, Ft,P] M") 

di;*^c^_/(5^x*'f,y/.?,z*^«)d,s + z*-?dB„ se[i,r], (6.1) 

Proposition 6.1. Under the assumptions (Bl), (B2), (CI) and (C2), for any <t <T and the associated 
initial states ^, S L^(r2, J-'t, P; R"), we have the following estimates, P-a.s.: 

(i) E[ sup \xl-< - xl-<'\^ + sup \Y,^-< - n*''^? + \zl-< - I ^t] < c\c - Cf ; 

t<s<T t<s<T 

(ii) i?[sup \Xl'i\^+ sup \Y:'i\' + f^\Zl'i\'ds\Tt]<C{l + \C\'). 

t<s<T t<s<T 

If a also satisfies: 

(C3) for any t € [0,r], for any {x,y,z) G R" x R x R^, P-a.s., \(T{t, x,y, z)\ < L{1 + \x\ + \y\), 
then we can get 

(iii) E[ sup - CP I J't] < CS{1 + ICP), P-a.s., 0<6<T-t. 

t<s<t+S 

Proof. From Lemma 2.1 we know, for the initial states C, C' G L'^i^i J^t, P', IR"), FBSDE (16. ip has a unique 
solution (X*^C,n*'':,Z*.9,e[t.T] e 52(i,T;R") x S^it,T;R) x H2(i,r;R'^), and S 
52(t,r;R") x52(i,T;R) xH2(-^^y.]^d)^ j.ggpg^yygly_ We define = X*-? - X'''^', 1> = y^*.C - y;*.C' , = 

Z*'? - Z*'?', A;i(s) = - where h^b, a, /, A respectively. 

Applying Ito's formula to |^sp we have 

E[\X,\^\J^t] = \C-C\' + E[J^'{2XrAb{r) + \Aair)r)dr\Tt] 

< IC - Cf + CE[j;i\Xr? + \Yr\^ + \Zr?)dr \Ft],t<S<T. 

Then, from the Gronwall inequality, we obtain 

E[\X,\^ I Tt] < C(|C - Cf + E[j\\%\^ + iZ.Hdr | J",]), P-a.s., t<s<T. (6.2) 
Apply Ito's formula to e^^jl^p, taking 13 large enough, using standard methods for BSDEs we can get 



E[\Y\^ I Tt]+E[f^ \Yr?dr I Ft]+E[j'^ \Zr\'dr \ Tt] 
< CiE[\XT\' I .Ft] + E[J^ \XA'dr \ Tt]), t<s<T. 
Then from (l6?2|) it follows that 

E[\Ys\' I J-,] -f E[JJ \Yr\'dr I Tt] + E[J^ \Zr?dr \ Ft] 
< C\C - cf + CE[J^ i\Xr\' + + \Zr\')dr \Tt],t<s<T. 

On the other hand, applying Ito's formula to {GXr,Yr), from the assumption (B2) we get 



(6.3) 



(6.4) 



(GX^Ys) = E[{GXt, Yt) I J-.] - E[J' (AAir), [XrX, Zr))dr \ Fs] 
> E[fi,\GXT\' I Ts] + E[(3, /J \GXr\^dr \ J",] + E[jJ p^HG^t? + \G^ Zr\')dr \ J",]. 
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(6.5) 



Therefore, 



Then, from 



Therefore, {GXs,Ys) > 0, t<s<T, P-a.s. 
li P2 > 0, then we get 

{GXt, Yt) = E[{GXs, t) I J't] - E[J^\AA{r), {XrX, Zr))dr \ Tt] 
> P2E[j;{\G^Yr\^ + \G^Zr\^)dr I J-t], t<s<T, P-a.s. 

E[J^ {\Yrf + \Zrf)dr I J^t] < C{GXt,Yt), t<s<T, P-a.s. 
we can get 

E[\Xs\^ \ Tt] < C\C - + C{GXt,Yt), t<s<T, P-a.s. 

we have 

E[\t\^\Tt]+E[J^ {\Yr\^ + \Zr\^)dr\Tt]<C\C-C\^ + C{GXt,Yt), t<s<T, P-a.s. (6.9) 

Therefore, recalhng that Xt = X*''^ - X*''^' = C - C, 

\Yt\^<C\C-C? + C{GXt,Yt)<C\C-C? + C^Xtm\<G\C~C\^ + C\Xt\^ + ^\^^^^ p-a.s. 
which means \Yt\ < C'|C — C'L P-a.s. Furthermore, from (|6.8p . (16. 9p . we can get 



From 



(6.6) 



(6.7) 



(6.8) 



E[\X,\' I J-t] + E[\Y,\' I J-t] + £;[y {\Yr\' + \Zr\')dr | J"*] < C|C - CT, t<s<T, P-a.s. 

If = 0, then accordmg to assumption (B2), we have /3i > 0, //i > 0, to = 71 = 1, i.e., G G M. From ()6.5p . 
E[\Xt\'' I -Ft] + ^[/,^ \Xr\''dr I ^t] < CGXt C> 0. From (IS3D, \Yt\' + (|i;|2 + |Z,|2)dr | Ft] < 
CGXt ■ Yt < C|C - CT + ^\Yt\^, therefore, \Yt\^ + E[J^{\Yr\^ + \Zr\'^)dr \ F] < C\C - CT- Furthermore, 
from dO]), E[\Xs\^ \ Ft] < C\C~C\^, t<s<T, P-a.s. Then from jO]) we get E[\Ys\^ \ Tt] + E[jJ {\Yr\^ + 
\Zr\'^)dr I Tt] < C\Q — C'l^i t < s <T, P-a.s. From above we always have 

E[\Xs\'' I Tt]+E[\Ys\'' I Tt]+E[l {\Yr\^ + \Zr\^)dr \ J^t] < G|C - Cf , t<s<T, P-a.s. (6.10) 



Finally, from equation (16. ip and Buckholder-Davis-Gundy inequality we have 
E[ sup I Tt] < 3|C - C? + \Abir)\^dr \ Tt] + CE[f \Aair)\^dr \ Tt] 

t<s<T 



< 3|C - C? + CE[J^' {\Xr\^ + \Yr\^ + \Zr\^)dr I Tt] 

< GIC-C?, p-a.s.; 



and 

i;[ sup \Ys\''\Tt] < CE[\X'/-X*/'\^\Tt]+CE[J^'{\Xr\^ + \Yr\^ + \Zr\^)dr\Tt] 
t<s<T 

< G|C-C'I^ P-a-S. 
Similarly we can prove (ii) by making full use of the monotonic assumption (B2). 
Now it is not hard to prove (iii). Indeed, from (C3) we obtain, 
E[ sup \Xl^i - C\' \ ^t] 

t<s<t+S 

< 2E[\J^+'bir,Xl^iX''^,Zl''^)dr\^ \ Tt]+GE[J^+' \air, X^'^ X''^ , Zl^^)?dr \ Tt] 

< CSE[JI+'{1 + \Xpi\^ + \Y*^<\^ + \Zpi\^)dr I Tt] + CE[J^'+\l + \X*^<\^ + \Y*'<\^)dr | Tt] 

< CSE[ sup (|X;^q2 ^ |5^^f|2) ^ jt+s \zt.C\^dr \ Tt] + CS + GSE[ sup (|X*^^p -I- \Y,'^i\^) \ Tt] 



t<r<t+S 



t<r<t+S 



< C(5(l + |Cr), p-a.s. 
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Remark 6.1. From Provosition \6. 11 we have the following inequalities: 

|i;*''^l<c(i + |ci); <C7|C-C'I, P-a.s., (e.u) 

where the constant C > depends only on the Lipschitz constants and linear growth constants ofb, cr, / and $. 

Remark 6.2. Let ^{x) = ^ G L^(f2, J^t, -P; IR)- From the proof of Provosition FO] we see that: 

under the assumptions (Bl), (B2)-(i), (CI) and (C2), the statements of Provosition [KT\ -(i) and (ii) still 

hold true; if furthermore, assumption (C3) holds, then we also have the same result as Provosition \6. 1\ - fiii) . 

Now we consider the continuous dependence of the fuUy coupled FBSDE on the terminal condition. 

Proposition 6.2. Suppose the assumptions (Bl), (B2), (CI) and (C2) are satisfied. For any < t < T, 
the associated initial state C £ ^^(fi, J"*, P; M") and ^ e L'^{Q,J^t,P;^), we let (X*^^, Y^* , be the 

solution of FBSDE i6.1\) associated with (6, tr, /, C, and (X*'^, y*'^, Z*'^)^^^^ be the solution of FBSDE 
id.l]) associated with {b, u, /, C, $ + ^). Then we have 

\Y}'^ - + E[ \Y^'^ - F*''^|2rfr I Tt] + E[ \Z'/ - 'z';^\''dr \ Ft] < CE[^^ \ J^t], P-a.s. 

The proof is similar to Proposition 16. 11 we omit it here. 
Let us now introduce the random field: 

u{t,x)=Y^'^^ l^t, it,x) e [0,T]xM", 

where F*'^ is the solution of FBSDE dm with the initial state a; £ R". 

As a consequence of Remark |6. II we have that, for all t G [0,T], P-a.s., 

(i) \u{t,x)-u{t,y)\<C\x-y\, for ah x, y e M"; , . 

(ii) \u{t,x)\ < C(l + |a;|), for all x G M". ^ ' ' 

Remark 6.3. Moreover, it is well known that, under the additional assumption that the functions 

b,a,f and $ are deterministic, (6.13) 
u is also a deterministic function of {t,x). 

The random field u and F*'^, {t, C,) £ [0, T] x i^(f2, J"*, P; M"), are related by the following theorem. 
Theorem 6.1. Under the assumptions (Bl) and (B2), for any t G [0,r] and ( e i^(fi, J^t, P; R"), we have 

u{t,C)=Yt'^, P-a.s. 

The proof of Theorem 16.11 is similar to that in Peng [16] for the decoupled FBSDE, or we can also 
refer to the proof of Theorem A. 2 in j2j. 

Remark 6.4. From Theorem \6.1\ we can obtain Y^'^ = Yt ' = u{s,Xl'^). 

Proposition 6.3. Under the assumptions (Bl), (B2), (CI), (C2) and (C3), for any p > 2, < t < T 

and the associated initial state ^ £ LP{n, J-f, P;M"), there exists Sq > 0, which depends on p and Lipschitz 
constant K and the linear growth constant L, such that 

(i) E[ sup |X*^C|f + sup + \Zl^i\^ds)i I Tt] < Cp{l + \C\n, p-a.s.; 

t<s<t+So t<s<t+5o 

(ii) E[ sup - Cl^" I ^t] < CpSHl + \C\P), P-a.s., 0<S<~So, 

t<s<t+S 

where {X^''' ,Yg''^ , Zl''^)s£it,T] the solution of FBSDE {Op associated with (6, cr, /, C, <&). 
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Proof. From Remarks 1 6 . 1 1 and 1 6 . 4 [ we have 

|y;.C| ^ \y:^^'s'\ < c(l + \xl^C\), P-a.s. (6.14) 

Since F/''^ = i;*''^ + // /(r, X^.''^ ,Y,^-< , Zl^^)dr - Z^/dBr, t < s < t + S, from Buckholder-Davis-Gundy 
inequality, 

mlt^' \Z'/\^ds)i I J-*] < Cj,E[ sup I // I J^t] 

t<s<t+S 

< C,E[ sup \Yt^\P + {Sl+' f{s,Xl^,Y!^^,Zl^i)dsY\Tt] 

t<s<t+S 

< c,E[ "sup \Yt^r I -^i] + C,E[Ul+\l + + ir/'^i + \Zl^^\)dsY I J-*] 

t<s<t+i5 

< CpE[ sup I J-*] + Cp5P + CpJPi;[ sup I J-t]+C7p(5P£;[ sup \Y^'^\P\Tt] 

t<s<t+S t<s<t+S f<s<f+S 

+C,SiE[iJ^+'\Zl''^\^ds)i\T,] 
= Cp6P + CpSPE[ sup \Xl'<\P \Tt] + {Cp + CpSP)E[ sup | ^t] 

t<s<t+5 t<s<t+(5 

there exists (5o > 0, such that 1 — CpSQ > 0, then we get, for any < (5 < 5o, P-a.s., 

rt+5 

E[{ \Zl-<\^dsY^ \Tt]<Cp5P + Cp5PE[ snv \XI^^\p \ Tt] + {Cp + Cp5P)E[ sn^ m'^'^n J"*]. (6.15) 

Jt t<s<t+5 t<s<t+S 

On the other hand, for t <s <T, from and ((6?T4| . 
sup IX^'? - C|P I ^t] 

t<r<s 

< CpE[ij; |6(r,X*-C, Z*^C)|dr)f | Tt] + CpE[iJ^' |a(r, X^-?, F,*-?, Z*^C)|2dr)i | J"*] 

< Cpii;[(//(i + ix^'C - CI + Id + iz'rW I ^t] + CpE[{j;ii + |x;-c|)2d,)f I J-,] 

< Cp(l + mis - t)5 + Cp(s - t)?i?[(// \Zpi\^dr)i I J-,] + Cpi?[// \Xpi - Cl^dr \ Tt], 
from GronwaU inequahty, 

sup \X'/-C\P \Tt]<Cp{l + \Cn{s-t)^+Cp{s~t)^E[{ f \Zl.-<\^dr)^ \Tt], P-a.s., t < s < T. (6.16) 

t<r<s Jt 

Then, from (pTTC)) . (pH)) and (pTTC)) we have 

i^K/r'i^^'^prf^)*!-^*] 

< CpSP{l + \cn + Cp\C\P + Cp + iCp + CpSP)E[ sup ix*'^-cn-^*] 

t<s<t+i5 

< + CplCI^" + CpSHl + |C|P) + (Cp + CpSP)CpS^ E[{j; |Z*>C|2dr)f | J"*], 
taking < ?o < (^o, such that 1 - {Cp + Cp6Q)Cp6^ > 0, then < 6 <So, 

rt+S 



E[( j^ \Zl^^\^d.s)i I Ft] < Cp{l + ICr), p-a.s. 



From (ISTB . we get E[ sup |X*'« - CI*' | F] < CpS^{l + \C\p), P-a.s., < S < Sq. 

t<s<t+6 

From we have £;[ sup |y,*^^|P | J"*] < Cp(l -I- ICI^), P-a.s., 0<S<do. □ 

t<s<t+S 

Proposition 6.4. We suppose the assumptions (CI), (C2) and (C4-) hold true, where the assumption (C4) 
is the following hypothesis: 

(C4) the Lipschitz constant > of a with respect to z is sufficiently small, i.e., there exists small enough 
Lcr >0 such that, for all t e [0,r], u e U, xi,X2 & M", 2/i,2/2 & ^1,^2 e W^, P-a.s., 

\cr{t,xi,yi, zi,u) - a{t,X2,y2, Z2,u)\ < K{\xi - X2\ + \yi - y2\) -\- La\zi - Z2\. 
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Then, there exists a constant < So, only depending on the Lipschitz constant K, such that for every 
< S < 60 and C e L^{n,J't,P;R''), FBSDE fOP has a unique solution {Xl''^ ,Y^*''^ , Zl''^)se[t,t+S] on the 
time interval [t, t + S]. 

Proof. Let us give any <T < To, and observe that for any pair v — (y, z) e H^it, T; M^+'') there exists a 
unique solution V = {Y, Z) G ^^(t, T; Mi+^') to the following decoupled FBSDE: 

dXs = b{s,Xs,Vs,Zs)ds + cr{s,Xs,ys,Zs)dBs, 

dYs = -f{s,Xs,Ys,Z,)ds + ZsdB,, se[t,T], (6.17) 
Xt = C.Yt = <^{Xt). 

We are going to prove that there exists a constant < (5o, only depending on the Lipschitz constant K , such 
that for every < (5 < the mapping defined by 

I{v) ^ V : n^it,t + S;R^+'^) ^ n^{t,t + S;R^+'^) 

is a contraction. 

Let v' = {y\z') G n^{t,t + S;R^+'^), and V = « = 1,2. We de&ne v = {y^ -y^,z^ - z^), and 

V ={Y^ - Y'^,Z^ - Z^), X^X^ - X"^. Then, we get 

E[ sup I Ft] < 2E[{Jl \h{s,Xlylzl) - h{s,Xlyl,zl)\dsf \ F] 

t<s<r 

+8E[J[ \ais,Xlyl,zl) - ais,Xlylz^J\^ds \ F] (g ig) 

< 6(r - t)K^E[J[{\Xs\' + + \zs\^)ds \ F] 
+2AE[J[{K^\Xs\^ + K^\%\^ + Ll\%\^)ds I Ft], 

and the Gronwall inequality yields 



(6.19) 



E[ sup \Xs\^ I Ft] < CE[r \ys\^ds \ Ft] + {CiT -t)+ CLI)E[L' \%\''ds \ Ft] 

t<s<T 

< C{T - t)E[ sup I Ft] + {C{T - t) + CLl)E[jJ \%\-'ds \ Ft]. 

t<s<T 

On the other hand, by using BSDE standard estimates combined with the help of (|6.19p . we get 

E[ sup \Ys\^ + \Zs\^ds] 

t<s<T 

< CEmX^) - ^X^)\^]+CE[J^ \f{r,X},Y,\Zl) - f{r,XlY,\Zl)\^dr] 

< CE[\XT\^] + CE[J^\Xr\^dr] 

< CiT - t)E[ sup + {CiT - t) + CLl)E[J^ \z,\^ds] 

t<s<T 

< iCiT-t)+CLl)iE[snp \%\'] + E[J^ \%\^ ds]) . 

t<s<T 

Notice L(j is sufficiently small such that CL^ < i. Then there exists 60 > such that CSq + CL^ < ^, and 
therefore, for any < 5 < Sq, we have 

E[ sup |i>p + /;+^|Z,pds]<i(i?[ sup \ys\']+E[J^'''%\^ds]). (6.20) 

t<s<t+6 t<s<f+S 

It follows immediately that for any < S < Sq this mapping / has a unique fixed point !{¥) = V, i.e., 
FBSDE (pTTI) has a unique solution (X*'^, Y*'^, Zl^'^)s^[t,t+5] on the time interval [t, t + S]. □ 

Remark 6.5. In fact, from the proof we see that > with CL^ < 1 is sufficient for Proposition \6.4\ 

Theorem 6.2. (Generalized Comparison Theorem) We suppose the assumptions (CI), (C2) and (C4) are 
satisfied. Let So > be a constant, only depending on the Lipschitz constant K , such that for every < 
S < So and C G _L'^(r2, J-'t, P; K"), FBSDE h6.1\) has a unique solution iXl,Y^ , Zl)si^[t,t+5] associated with 
(fe, (T, /, C, 'f') on the time interval [t, t + 5], respectively. Then, if for any Q < 5 < So we have '^^iX^_^^) > 
^^iX^^^), P-a.s., (resp., ^H^iVi) ^ ^^(^tV^)' P-^-s.), we also have Y^ > Y^ , P-a.s. 

26 



Proof. The proof is similar to that of Theorem 3.1 in Wu [18]. For notational simplification, we assume 
d = n = 1. We define X = ~ X^, Y ^Y^ -Y^, Z = - Z^, then (X,?, Z) satisfies the following 
FBSDE: 

dXs = [hlX, + blYs + blZ,)ds + [alX, + a^Y^ + olZs)dB,, 

dYs = -ifjXs + PX + PsZs)ds + Z.dBs, (6.21) 



Xt = 0, = <PXt+s + <i>\Xf^ 



where 









-x'i 


0, 






~l{s,X^,Y^,Zl) 






0, 






-l(s,Xl.Y^ .Z^) 



zi-zi 



I — a, f respectively, and 



1 



0, 



Xs ^ 0; 
otherwise; 

otherwise; 

otherwise, 



Xt+s ^ 0; 
otherwise. 



It's easy to check that (I6.2ip satisfies (CI), (C2) and (C4). Therefore, from Proposition 16.41 there exists a 
constant < Si < So, such that for every < S < Si, (|6.2ip has a unique solution on [t, t + S], i.e., (X, Y, Z) 
is the unique solution of (|6.2ip on [t, t + S], for every < S < Si. Now we introduce the dual FBSDE 

dPs = ipPs - hlQs ~ alKs)ds + (pP, - blQ, - alK,)dB„ 
dQ, = {flP, - blQ, - (TlK,)ds + KsdB,, 
Pt^l, Qt+5 - -^Pt+5- 



3.22) 



Similarly, (|6.22p satisfies (CI), (C2) and (C4). Consequently, due to Proposition 16.41 there exists a constant 
< (52 < Si, such that for every Q < S < S2, (|6.22p has a unique solution (P, Q, K) on \t, t + S]. Using Ito's 
formula to XsQs + YgPs, we deduce from the equations (|6.2ip and (|6.22l) that. 



E[Xt+s{~m+s)]J't] + E[i^Xt+5 + ^\xls) - ^'{Xf+sm+slJ't] = Yt, 



I.e., 



Yt = E[{'f\Xls) - <S>\xl,))Pt+s]^t]. (6.23) 

Since ^^{Xf_^_g) > ^'^{Xf^g), P-a.s., if we can prove Pt+s > 0, P-a.s., then we can get Yt > 0, P-a.s. 

For this we define the following stopping time: r = inf {s > t : Ps = 0} A {t + 5), and consider the 
following FBSDE (|6.24p on [r, t + S] (notice that t > t, since P is continuous and Pt — 1): 

dPs = ipPj - blQs - alkjds + {fjh - blQs - a^,Ks)dB„ 

dQs = {flPs - blQs-- cjlK,)ds + KsdBs, (6.24) 

Pr - 0, Qt+s = -'^Pt+s- 

Similarly to the equation ()6.22p we see that, ()6.24[) satisfies (CI), (C2) and (C4), and therefore, from 
Proposition 16.41 there exists < S3 < S2 such that for every < 5 < 63, ()6.24p has a unique solution 
(P, Q, K) on [r, t + S]. Clearly, (Ps,Qs, Ks) = (0, 0, 0) is the unique solution of f^^ . Let 

P, =/[t,,](s)P, +/(,,t+5](s)P., 
Qs = I[t,r]{s)Qs + I{r,t+5]{s)Qs, 
Ks^I[t,r]{s)Ks+Iir.t+5]{s)Ks, S€ [t,t + 5]. 

It's easy to show that (P, Q, K) is a solution of FBSDE (|6.22p . Therefore, from the uniqueness of solution 
of FBSDE (|02|) on [t, t + S], where < i5 < (53, we have P^ = P^ = 1 > 0. Furthermore, from the definition 
of T we have Pt+s > 0, P-a.s., that is, Pt+s > 0, P-a.s. Therefore, we have Y^^ > Y^, P-a.s. □ 
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Proposition 6.5. Let $ be deterministic. We suppose the assumptions (CI), (C2), and (C4) hold true. 
Then, for every p > 2, there exists sufficiently small constant 6 > 0, only depending on the Lipschitz constant 
K , and some constant Cp,K, only depending on p, the Lipschitz constant K and the linear growth constant 
L, such that for every < S <6 and C, e LP{n, Tt, P;M.'^), 



(i) E[ sup \Xl-i\P+ sup + I J-t] < (7^,^(1 + m, P-a.5.; 

t<s<t+S t<s<t+S 

(ii) E[ sup \Xl'i-C\P\J't]<Cp^KSHl + \C\n,P-a-S-; 

t<s<t+S 

(iii) \zi'i\^ds)i I J-,] < c,^k6Hi + m, p-a-s; 

where (X*'^, y^f ^+5] is the solution of FBSDE 116.1]) associated with {b,(T, f,C,^) and with the time 
horizon t + d. 

Proof. Due to Proposition 16.41 there exists a constant > 0, such that for every < S < Sq, ()6.ip has a 
unique solution on [i, t + 5], i.e., 

rt+S Pt+S 

Y,'-'^ ^ ^{Xlfs) + f{r,Xl'^X'^,Zl'^)dr - Z^'^dBr, t < s <t + 5. (6.25) 

J S J S 

We consider Y^'^ — Y^'^ — ^(C), and for any ^5 > by applying Ito's formula to e^^lF^^'^p, we get 

E[eP'\Y',^^\T,] + E[jl:^\(3eP-\Y^^^ + ef'-\Zm''}dr\Ts] 
= E[eP^^+')\Yj^i,\'\Ts\+E[p^-^\P^^^^^^^ 

= iJ[e/^(*+5)|r/4|2| J-,] + eP-2Y^^^{f{r, X^^X'^,Zl:^) - f{r, (, $(C), 0) + /(r, C, <f (C), 0))dr\T.]. 

(6.26) 

By taking /3 large enough and since |/(r, C, $(C), 0)| < C(l + \(\), we get by using BSDE standard methods 

+ + \Zi:C\^}dr\T.] 

<CE[ sup |x;'?-Cp|J-s] + C(t + ,5-s)(l + |Cn, P-a.s., (^.27) 

s<r<t+5 

where C only depends on K and L. Therefore, from (|6.25l) and (|6.27l) and Buckholder-Davis-Gundy inequal- 
ity, 

£;[ sup <CS[ sup \X'/ -C\^\J^t] + CS{l + \C\^), P-a.s. (6.28) 

t<s<t+S t<r<t+5 

On the other hand, from (|6.27p 

< CE[ sup \X'/ - C\^\Ts] + C(5(l + ICn, P-a.s., t<s<t + S. (6.29) 

t<r<t+S 

When p > 2, we define rj = sup \X^-'^ - CI e L^(n, Ft+s, P). Then Ms := E[t^\Ts\, s E [t,t + S], is a 

t<r<t+S 

martingale, and from Doob's martingale inequality, we have 

E[ sup |M,|5|J-t] < CpE[\Mt+5\^\Tt] < CpE[j^^\Tt] 

= CpE[ sup \X'/ - C\P\Tt], P-a.s. ^^-^^^ 

t<r<t+S 

Therefore, from (IPO)) and ((O0| 

i;[ sup \Ys'''^\P\Tt]<CpE[ sup |X;'^-Cn-Ft] + Cp<55(l + |Cr), P-a.s. (6.31) 

t<s<t+S t<r<t+S 



28 



Now we consider Y.^'i - $(C) = - $(C) + j'^^ f{r, Xl'< , Y^-<, Zl'^)dr - /^*+'^ Z^^^dBr, t<s<t + S. 

From Burkholder-Davis-Gundy inequality and (|6.3ip . 

E[ij;+' I Tt] < C,E[ sup I /; I Tt] 

t<s<t+S 

< C,E[ sup \Yt^\P^{jl+'\f{s,Xl^^,Y^^^,Zl'^)\dsy\Tt] 

t<s<t+S 

= CpE[ sup I j-t] 

t<s<t+(5 

+c,£:[(7;+' |/(., - /(., c, <f (C), o) + C, <f (C), o)Ms)^' I T,] 

< (Cp + CpSP)E[ sup iXi'C - I Tt] + CpSHl + \Cn + Cp<55i?[(/;+' |Z*^«|2ds)f I F,]. 

t<s<t+S 

p 

By choosing then < Si < Sq such that 1 — CpS^ > 0, we get, for any < 6 < 6i, P-a.s., 

E[i r' \Z'/?dsY^ I Tt] < (Cp + CpSnsi sup \X'/ - Cr I ^t] + CpSHl + ICD- (6.32) 

Jt t<s<T 

Similarly, equation (16.11) and the estimates (I6.3ip and (|6.32p yield 

E[ sup \X*'< - C\P \ J't] 

t<r<t+S 

< CpE[{J^+'b{r,X*,'iX'^,Zl-i)dry \ Tt] + CpE[{J^+' \<j{r, X'.^i X'^ , Zl'i)\^dr)i \ J",] 

< Cpil + |C|^)<55 + {CpSi + CpLl)E[Ul+' iZp^l^drf^ \ J",] 

+CpS^E[ sup - Crrfr I J-t] 

t<r<t+S 

< Cpii + icms"^ + {CpS^ + CpLP)E[ sup |x;.?-cn-^t]- 

t<r<t+S 

Let Lg. > be sufficiently small such that CpLP < 1. Then there exists constant < S2 < Si such that 
1 - (Cp^l + C'p-^S) > 0' a-nd we obtain, 

E[ sup - Cr I J't] < Cp{l + \C\P)S^ , p-a.s., t<s<t + S. (6.33) 

t<r<t+S 

Finally, (|6.3ip and (j6.32p allow to complete the proof. □ 
Similarly, we can prove the following proposition. 

Proposition 6.6. Suppose that {bi,ai, fi,^i), i — 1,2 all satisfy the assumptions (CI), (C2) and (C4)- 
There exists a constant < Jq, only depending on the Lipschitz constant K , such that for every Q < 5 < 5{), 
the same initial state ^ G L^(r2, J^t, P; K"), {Xl^Y^,Zl)gfz\t_t+s] is the solution of FBSDE i6.1\) associated 
with (bi,ai, fi,^i) on the time interval [t,t + S], respectively. Then we have: there exists a constant Si > 0, 
such that for every < S < Si, 

- r,2|2 < cE[\<^i{t + 5,xl,) - $2(t + 5,x,V,)|2 1 -F,] 

+CJi?[/;+' |(6i - b2)is,Xl,Y},Zl)\^ds I J-,] 
+CE[J^^' \{ai - a2){s,Xl,Y},Zirds \ J"*] 
+CSE[J^'+' \{fi ~ f2){s,Xl,Y,\Zirds I Tt], P-a.s. 

Remark 6.6. When [hi, ai, fi) — {b2, (72, f2) in Provosition \6.6l we have 

\Y,'~Y,'\ < C{E[\^iit + S,X^^s)-'^2it + S,Xl^,)\'\Tt])K P-a.s. 

Corollary 6.1. Under the assumptions (CI), (C2) and (C4), there exists a constant < Sq, only depending 
on the Lipschitz constant K , such that for every < S < Sq, the associated initial state C, G L^{fl, Tt, P; K") 
and any e > 0, (X*'^, Yg*^'>, Z*'^)sg[j f+^j is the solution of FBSDE 16. 1\) associated with (6, cr, /, C, $), and 

(X*'^, y*'^, Z*'^)sg[t is the solution of FBSDE \6.1]) associated with (5, cr, /, C, + e) on the time interval 
[t,t-\-S], respectively. Then we have 

\yI^^-yY\<Cs, P-a.s. 
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